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TLEAI]KQPLCHLKLJ̀HL-J[PCJ[PFUK[�JLBCIZ�QMk[]ÌKK]�I[KT\A[JF�MLlP[U[KZ�K[�
ÀkKFULJQ�M̀BMkF_JlP]̀�

1I\UC]YJ�R[HPLkLJ�L?ClMCUCKF]�DFEKCBC]PCIZKLlPF�ALlQB[klP][ �LBKLG�FE�
l[JYS�][DKYS�lPkQHPQkKYS�lLlP[]I]\tFS�[HLKLJFHF�:Hk[FKY�]]I]CPl]�PLMIF]KL-
[KCkACPFUClHFG�HLJMICHl��9=1���4ClJLPk]�K[�EK[UFPCIZKYC�MkFkLBKYC�E[M[lY�QAI] �
]YlLHFC� kCECk]Y� JLtKLlPCG� ML� MkLFE]LBlP]Q� [ICHPkL[KCkAFF � PLMIF][�
LPCUClP]CKKYG�9=1�K[�lCALBK]VKFG�BCKZ�K[SLBFPl]�]�lP[BFF�lP[AK[TFF �HLPLk[]�KC�
MLE]LI]CP�lP[?FIZKL�L?ClMCUF][PZ�[HLKLJFHQ�PLMIF]KL-[KCkACPFUClHFJF�kClQkl[JF�
ML�HLKHQkCKPKYJ�TCK[J�F�lP[]FP�CC�]�lQtClP]CKKQ\�E[]FlFJLlPZ�LP�[HlMLkP[�A[E[�

6kF�[PLJ�K[JCPFI[lZ�PCKBCKTF]�Q]CIFUCKF]�QkL]K]�ILAFlPFUClHFS�k[lSLBL]�]�
9=1 �l]]E[KK[]�l�KCBLlP[PLUKYJ�QkL]KCJ�k[E]FPF]�Pk[KlMLkPKLG �lHI[BlHLG�
FKRk[lPkQHPQkY �KFEHFJF�PCJM[JF�]KCBkCKF]�FKKL][TFLKKYS�PCSKLILAFG�F�Bk�

9[HFJ�L?k[ELJ �E[B[U[�ML]YVCKF]�[HLKLJFUClHLG�[RRCHPF]KLlPF�]�QlIL]F]S�
Q]CIFUCKF]�MkLJYVICKKLAL�MkLFE]LBlP][ �]KQPkCKKCAL�F�]KCVKCAL�PL][kLL?LkLP[�
L?QlIL]FIF�KCL?SLBFJLlPZ�k[Ek[?LPHF�BCGlP]CKKYS�JCS[KFEJL]�QMk[]ICKF]�
ILAFlPFUClHFJF�MkLTCll[JF�9=1�

4[�lL]kCJCKKYS �LkFCKPFkL][KKYS�K[�HIFCKP[ �kYKH[S�HLKHQkFkQ\P�KC�
LPBCIZKYC�MkCBMkF]PF] �[�TCMF�MLlP[]LH��<6���MkLFE]LBlP]CKKYC�F�ILAFlPFUClHFC�
lCPF��=P[�PCKBCKTF]�l]]E[K[�l�B]QJ]�R[HPLk[JF��lPk[PCAFUClHFJ�]E[FJLBCGlP]FCJ�
MkCBMkF]PFG�F�RLkJFkL][KFCJ�&lCPC]YS'�JCDLkA[KFE[TFLKKYS�lPkQHPQk�5�6��

4[�Mk[HPFHC�TCMF�kCBHL�RLkJFkQ\Pl]�&l�KQI]'��1[H�Mk[]FIL �kCUZ�FBCP�L?�
QIQUVCKFF�QDC�lQtClP]Q\tFS�536��6L�[PLJQ�LlKL]KQ\�MkL?ICJQ�JLBCIFkL][KF]�<6�
JLDKL�lRLkJQIFkL][PZ�H[H�BFK[JFUClHFG�lPkQHPQkKL-RQKHTFLK[IZKYG�lFKPCE�F�
kCHLKRFAQkFkL][KFC��.[KK[]�MkL?ICJ[�]]I]CPl]�LBKLG�FE�LlKL]KYS�]�HLKTCMTF]S�
QMk[]ICKF]�<6 �LlKL][KKYS�K[�BFK[JFUClHLJ�MLlPkLCKFF�F�LkFCKPFkL][KKYS�K[�
E[H[E�HIFCKP[�[1].

8ICBQCP�LPJCPFPZ �UPL�HLkkCHPKL�lLlP[]ICKK[]�JLBCIZ��[BCH][PK[] �
BLlPL]CkK[] �MLIK[] �J[lVP[?FkQCJ[]��MLE]LI]CP�FlMLIZEL][PZ�kCEQIZP[PY�
JLBCIFkL][KF]�K[�Mk[HPFHC �BLlPFA[]�kCEQIZP[PL] �?IFEHFS�H�MLIQUCKKYJ�MkF�
JLBCIFkL][KFF��6I[KFkL][KFC�<6�l]]E[KL�lL�EK[UFPCIZKLG�KCLMkCBCICKKLlPZ\�
QlIL]FG �]�HLPLkYS�?QBCP�MkLFlSLBFPZ�kC[IFE[TF]�MkLAk[JJ�RQKHTFLKFkL][KF]��8�
BkQALG�lPLkLKY �]YMLIKCKFC�k[?LP�]�<6�lLMkL]LDB[CPl]�KCMkCkY]KYJF�
FEJCKCKF]JF�MCk]LK[U[IZKYS�MI[KL]�]lICBlP]FC�]IF]KF]�k[EIFUKYS�L?XCHPF]KYS�F�
lQ?XCHPF]KYS�R[HPLkL]�]KQPkCKKCG�F�]KCVKCG�lkCBY��=PL�PkC?QCP�LMCk[PF]KLG�
HLkkCHPFkL]HF�H[H�l[JFS�TCMCG�MLlP[]LH �P[H�F�JLBCICG�QMk[]ICKF]�KFJF��

9[HFJ�L?k[ELJ �k[Ek[?LPH[�ILAFlPFUClHLG�JLBCIF�[RRCHPF]KLAL�QMk[]ICKF]�
TCM]JF�MLlP[]LH�K[�ALkKYS�MkCBMkF]PF]S �]SLB]tFS�lPkQHPQkKYJF�[ICJCKP[JF�]�
lFlPCJQ�PLMIF]KL-[KCkACPFUClHLAL�HLJMICHl[�MLE]LIFP�QJCKZVFPZ�Pk[KlMLkPKYC�
k[lSLBY�K[�MCkC]LEHQ�QAI]�

-�MkLTCllC�JLBCIFkL][KF]�TCMCG�MLlP[]LH�KCL?SLBFJL�QlP[KL]FPZ�FPCk[TFLKKYC
lLAI[lL][KF]�F�?[I[Kl�MkLMQlHKLG�lMLlL?KLlPF�Pk[KlMLkPKYS�HLJJQKFH[TFG�l�QUCPLJ�
JLtKLlPCG�MLAkQELUKL-k[EAkQELUKYS�JCS[KFEJL]��.I]�[PLAL�FlMLIZEQCJ�[HLKLJFHL-
J[PCJ[PFUClHFC�JCPLBY.



9FMFUK[]�TCMZ�MLlP[]LH�QAI]�]�lFlPCJC�PLMIF]KL-[KCkACPFUClHLAL�HLJMICHl[�FJCCP�
lICBQ\tQ\�lPkQHPQkQ��

(MkCBMkF]PF]�MkLFE]LBFPCIF�(�V[SPY �kQBKFHF

(k[lMkCBCIFPCIZKYC�TCKPkY��lHI[BY�F�BkQAFC�[ICJCKPY�kCECk]FkL][KF]�
MkLBQHTFF �LP�HLPLkYS�lYkẐ�K[Mk[]I]CPl]�MLPkC?FPCI]J


(MkCBMkF]PF] �HLPLkYC�MCkCk[?[PY][\P�lYkẐ��L?LA[PFPCIZKYC�R[?kFHF

(MLPkC?FPCIF��HLHlLSFJ�E[]LBY �[ICHPkLlP[KTFF�F�Bk�
2LAFlPFUClH[]�TCMZ�Pk[KlMLkPKLG�lCPF�]KQPkF�V[SPY�lLlPLFP�FE�lICBQ\tFS�

MkLFE]LBlP]CKKYS�HLJMLKCKPL]��kFl�����
(BL?YUKLG�HLJMICHl

(QU[lPHL]YG�ICKPLUKYG�HLK]CGCk

(?QKHCk[��K[HLMFPCIZKYC�F�QlkCBK]\tFC

(QHILKKYG��?kCKl?CkAL]YG��HLK]CGCk

(J[AFlPk[IZKYG�ICKPLUKYG�HLK]CGCk�FIF�ILHLJLPF]K[]�LPH[PH[

(lHFML]LG�MLBXCJ�

TFl��� 8SCJ[�lPkQHPQkY�ILAFlPFUClHLG�TCMF�MLBECJKLAL�Pk[KlMLkP[�V[SPY�MkF�
LPk[?LPHC�MLILAFS�MI[lPL]�BIFKKYJF�lPLI?[JF�ML�]LllP[KF\

T[llJLPkFJ�MLlPkLCKFC�ILAFlPFUClHLG�JLBCIF�]KQPkFV[SPKLAL�HLK]CGCkKLAL�
Pk[KlMLkP[�K[�AkQELMLPLH[S �HLPLkYC�l]]E[KY�l�]Y]LELJ�QAI]�F�MLkLBY�F�]]I]\Pl]�
LlKL]KYJF�MLPLH[JF�]�Pk[KlMLkPKLG�lFlPCJC�ALkKL-[KCkACPFUClHLAL�HLJMICHl[�

6QlPZ�KCHLPLkLC�ALkKLBL?Y][\tCC�MkCBMkF]PFC���lLBCkDFP�MQKHPY��n�HLPLkYC�
]]I]\Pl]�Pk[KlMLkPKYJF�QEI[JF�BI]�HLK]CGCkKLAL�Pk[KlMLkP[�;�]KQPkF�V[SPY �]�
HLPLkYS�LlQtClP]I]CPl]�MkLFE]LBlP]L �MLAkQEH[ �MCkCAkQEH[ �[HHQJQIFkL][KFC�
MkLBQHTFF��6kLFE]LBFJQ\�MkLBQHTF\�(�QALIZ�F�MLkLBQ�(�?QBCJ�FJCKL][PZ�MkLBQHPLJ��

1p (�QALIZ �2p (�MLkLB[��5?LEK[UFJ�UCkCE�3�Pk[KlMLkPKQ\�lCPZ�]KQPkF�V[SPY��6QKHPY�

3[AFlPk[IZKYG�HLK]CGCk�FIF�ILHLJLPF]K[]�LPH[PH[�:41-7

8HFML]LG�
MLBXCJ

5UFlPKLG�E[?LG

�:41-7

5UFlPKLG�E[?LG

�:41-7 �:41-7



MkLFE]LBlP][�F�[HHQJQIFkL][KF]�MkLBQHTFF�lLCBFK]\Pl]�HLJJQKFH[TF]JF �K[MkFJCk�

1 T(l, l ) ��:H[E[KK[]�HLJJQKFH[TF]�MkCBMLI[A[CPl]�?YPZ�LkFCKPFkL][KKLG�FE�MQKHP[���]�

MQKHP�1l  �MkFUCJ�K[�HLJJQKFH[TFF�JCDBQ���F�1l �BkQAFC�MQKHPY�LPlQPlP]Q\P��1kLJC�

PLAL�lUFP[CJ �UPL�JLDCP�?YPZ�KC�?LICC�LBKLG�HLJJQKFH[TFF�FE���]�1l ��4C�BLMQlH[CJ�

lQtClP]L][KFC�HLJJQKFH[TFG� T(l, l) �l�K[U[ILJ�F�HLKTLJ�]�LBKLJ�F�PLJ�DC�MQKHPC��

5?LEK[UFJ�LlKL]KYC�]YSLBKYC�F�]SLBKYC�MLPLHF�ILAFlPFUClHLG�lFlPCJY�
]KQPkFV[SPKLG�Pk[KlMLkPKLG�lCPF�lLLP]CPlP]CKKL�UCkCE�v�F�v���8�QUCPLJ�]YVC�
FEILDCKKLAL �]]CBCJ�lICBQ\tFC�]CIFUFKY��

i 1p kllf (t)(�AkQELMLPLH�MkLBQHP[� ip , 

K[Mk[]I]\tFGl]�HLK]CGCkLJ�]l1�ML�HLJJQKFH[TFF� 1 T(l, l ) �]�JLJCKP�]kCJCKF�" �[�

10kllf (t)(�SLILlPLG�SLB�k[?LPY�HLK]CGCk[��.LMLIKFPCIZKL�]]CBCJ�CtC�AkQELMLPLHF��

ip klg (t)� (�AkQELMLPLH�MkLBQHP[� ip  �MLAkQDCKKLAL�K[�HLK]CGCk�]�MQKHPC���]�JLJCKP�

]kCJCKF�"
�
ip klg (t)� (�AkQELMLPLH�MkLBQHP[� ip  �k[EAkQD[CJLAL�]�MQKHPC���l�HLK]CGCk[�]�

JLJCKP�]kCJCKF�"�
L[M[l�MkLBQHP[ ip �JLDCP�?YPZ�MLILDFPCIZKYJ �K[MkFJCk�FE?YPLH�ALkKLG�J[llY�]�

?QKHCkC �P[H�F�LPkFT[PCIZKYJ�(�KCBLlP[U[�ALkKLG�J[llY��8ICBQCP�E[JCPFPZ �UPL�]�
?CE?QKHCkKLG�TCMLUHC�HLK]CGCkL] �ABC�Pk[KlMLkPKYC�QEIY��n�ML�lQPF�]]I]\Pl]�
MQKHP[JF�MCkCAkQEHF�l�LBKLAL�HLK]CGCk[�K[�BkQALG �FEJCKCKFC�]CIFUFKY�AkQELMLPLH[�
MkLFlSLBFP�E[�lÛP�lIF]KF]�l�BkQAFJF�AkQELMLPLH[JF��

:UFPY][]�lPkQHPQkQ�ILAFlPFUClHLG�lFlPCJY�]KQPkFV[SPKLAL�Pk[KlMLkP[, 
MLlPkLFJ�JLBCIZ�Ĉ�AkQELMLPLHL]��kFl�����

TFl��� 3LBCIZ� AkQELMLPLHL]� ILAFlPFUClHLG� lFlPCJY� ]KQPkFV[SPKLAL�
Pk[KlMLkP[
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8LlP[]FJ�?[I[KlL]YC�lLLPKLVCKF]�Pk[KlMLkPKYS�MkLTCllL]��MCkC]LEH[ �MLAkQEH[�
F�k[EAkQEH[�MkLBQHP[�ip ��BI]�HLK]CGCkKLAL�Pk[KlMLkP[�]KQPkF�V[SPY�

-�kCEQIZP[PC�?QBCJ�FJCPZ�

i n i i 1 i i i i i i 1 i i 1 i i i i

n T n T

p l p l l p l p l l l l p l p l
l L l L

x (t) f (t) g (t) f (t ) g (t )
� � �

� �

� � �

� �

� � � �� � ��� �� (1)

ABC
i np lx (t)� (�lHLkLlPZ�FEJCKCKF]�]CIFUFKY�AkQELMLPLH[�

i np lx �MkLBQHP[� ip �]�

MQKHPC�nl �]�JLJCKP�k[EAkQEHF


i i 1 i

n T

p l l
l L

f (t)
�

��
� (�lQJJ[kKYG�AkQELMLPLH�MkLBQHP[� ip  �BLlP[]ICKYG�]�MQKHP�il

HLK]CGCkLJ�FE�BkQAFS�Pk[KlMLkPKYS�QEIL]�ML�HLJJQKFH[TF �i 1 i T(l , l )� ;

i ip lg (t)� (�AkQELMLPLH�MkLBQHP[�ip  �MLAkQDCKKLAL�]�MQKHPC�il �K[�HLK]CGCk


i i i 1 i i 1

n T

p l l l l
l L

f (t )
� �

��

��� (�lQJJ[kKYG�AkQELMLPLH�MkLBQHP[ ip  �LPMk[]ICKKLAL�FE�

MQKHP[�il �K[�HLK]CGCkC�]�MQKHP�i 1l ��ML�HLJJQKFH[TF�i i 1 T(l , l )� ;

i i i ip l p lg (t )� ��� (�AkQELMLPLH�MkLBQHP[� ip  �K[Mk[]ICKKLAL�HLK]CGCkLJ�K[�

k[EAkQEHQ�]�MQKHP�il ;

i n i np l 0 p l nx (t ) fix, x (l ) 0� � ;

i i 1 ip l lf (t) fix
�

� MkF�
i 1 i0 0 l lt [t , t ]
�

� �� ;

i i 1l l �
� (�MkLBLIDFPCIZKLlPZ�B]FDCKF]�AkQELMLPLH[�MkLBQHP[�ip FE�MQKHP[�il �]�

MQKHP�i 1l ��HLK]CGCkLJ


i i 2kl l �
� (�MkLBLIDFPCIZKLlPZ�B]FDCKF]�AkQELMLPLH[�MkLBQHP[�ip �FE�MQKHP[�il

]�MQKHP�i 2l ��HLK]CGCkLJ


i i 1 i i ip l l p lf (t) 0, g (t) fix
�

�� � MkF�
i i0 0 p lt [t , t ]�� �� ;

i ip l
�� (�MkLBLIDFPCIZKLlPZ�MLAkQEHF�FIF�k[EAkQEHF�AkQELMLPLH[�MkLBQHP[�ip

]�MQKHPC�il �lLLP]CPlP]CKKL�l�?QKHCk[�K[�HLK]CGCk �l�HLK]CGCk[�K[�HLK]CGCk�

FIF�l�HLK]CGCk[�]�?QKHCk


i ip l ig (t) 0, p 0� � � .

6kCBlP[]ICKKYC�?[I[KlL]YC�lLLPKLVCKF]�LMkCBCI]\P�FEJCKCKF]�E[M[lL]�QAI]�K[�
HLKHkCPKLJ�QU[lPHC�TCMF�MLlP[]LH�(�]KQPkFV[SPKYG�HLK]CGCkKYG�Pk[KlMLkP �HLPLkYG�
]SLBFP�]�ILAFlPFUClHQ\�lCPZ�lFlPCJY�PLMIF]KL-[KCkACPFUClHLAL�HLJMICHl[.

6LIQUCKKYC� Qk[]KCKF]� MkCBlP[]I]\P� lL?LG� L?XCBCKCKKYG� LMCk[PLk�
MI[KFkL][KF]�Pk[KlMLkPKLG�lCPF�F�Ĉ�AkQELMLPLHL] �HLPLkYC�LMFlY][\P�LlKL]KYC�
PCSKLILAFUClHFC�BCGlP]F]�ILAFlPFUClHLAL�LMCk[PLk[�]�lSCJC�RQKHTFLKFkL][KF]�
Pk[KlMLkPKLG�lFlPCJY�ALkKL-[KCkACPFUClHLAL�HLJMICHl[��MCkC]LEH[ �MLAkQEH[ �
k[EAkQEH[�QAI]�F�MLkLBY
�]Y?Lk�Pk[KlMLkPKYS�JLtKLlPCG�ML�MkLMQlHKLG�lMLlL?KLlPF�
HLJJQKFH[TFG�l�QÛPLJ�JLtKLlPCG�MLAkQELUKL-k[EAkQELUKYS�JCS[KFEJL]�F�̂JHLlPF�
?QKHCkL]��

T[Ek[?LP[KK[]� ILAFlPFUClH[]� JLBCIZ� MLE]LI]CP� QUFPY][PZ� KCBLlP[PHF�
lQtClP]Q\tFS�lMLlL?L]�QMk[]ICKF]�F�BLlP[PLUKL�K[BCDKL�MkLAKLEFkL][PZ�k[?LPQ�
Pk[KlMLkPKLG� lCPF�� -KCBkCKFC� JLBCIF� lMLlL?lP]QCP� ML]YVCKF\� QkL]K]�
[RRCHPF]KLlPF�QMk[]ICKF]�Pk[KlMLkPKLG�lCPZ\�F�Ĉ�AkQELMLPLHL]�]�ILAFlPFUClHFS�



lFlPCJ[S�PLMIF]KL-[KCkACPFUClHLAL�HLJMICHl[ �UPL�]CB̂P�H�EK[UFPCIZKLJQ�lKFDCKF\�
H[H�Pk[KlMLkPKYS�E[Pk[P �P[H�F�lC?ClPLFJLlPF�QAI]�
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