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JOCAIJKEHHSA MOBEPXOHb KOHI'PYEHIIIT TPOXOIJIAJIbHUX KPUBUX

Pozensidaemovcs cnocib eunyuenns nogepxui 3 KoHepyeHyii, wjo ymeopioemvcsa 3 mpoxoioanbHux Kpusux,
WAXOM 3AHYPEHHA NOOAHOT JIIHII.

Mema pobomu - po3pobxa cnocoby eunyuens NO8epxXoHsb 3 KOHSPYeHYii YUKI0i0anbHUX KpUsUx Ha OCHOGI
3a2a16HO20 KOHCMPYKMUBHO — RAPAMEMPUYHUTL NIOX00Y 00 POPMOYMBOPEHHS NOBEPXOHD.

Hocniodcenns nogepxons, wo ymeopioiomscs 3 mpoxoioanbHux Kpueux, Mac npukiaone 3HA4eHHs O
ONnUCy NOBEPXHi BUOOIO 3eMAEPUTIHUX MAWUH, V AKUX PIdCYHa KPOMKA pobou020 opzany 30ICHIOE 08a PYXU:
BIOHOCHUU — 00epMAHHA NO KONY 3 KYMOBOI WIBUOKICMIO W=CONSt ma NepeHOCHUll — NPAMONIHIUHUU PYX OCi
pobouoeo opzany 3i WEUOKICMIO S=CONSt y HANPAMKY NepneHouxyIapHomy 00 oci obepmauna. 3a yum
NPUHYUNOM 30IlICHIOIOMb PYX poOOUi Opeanu 3eMAEPULHUX MAWUH Dpe3epHo2o MUny, pOmopHUX ma YenHux
MPaAHWeEKonayie ma in., OKpiM yb02o, MaKull pyx € XapakxmepHum 015 poO6OUUX NOBEPXOHL [PYHMOOOPOOHO20
3HAPsI00s1.

B pobomi 6yno 3acmocosano KOHCMPYKMUBHO — NAPAMEMPUYHUL MEMOO POPMOYMBOPEHHS NOBEPXOHD
sanpononosanuti ¢ pooomax 1.A. Ckioana, wo 6azyemuvcsa Ha meopii KOHESPYeHYIll KPUBUX Ma iXHIX NOBEPXOHD.

Ha nouamxy oocnioscenv 6yna nobyoosana KOHCMPYKMUBHA MOOeNb KOHZSPYeHYii mpoxoioanbHux
KPUBUX, WO YMBOPIOEMbCS 3MIHOIO CNIGBIOHOWEHHSA napamempié opmu Yyukioiou ma Ni0CKO-NApanenbHum
SMIWEHHAM OMPUMAHO20 CIMEUCMBA KPUBUX V HANPAMKY NEePNeHOUKVIAPHOMY NIOWUHT [THYUOEHMHOCMI
mpoxoio. [ani Ha 6a3i 3a2anbHUX napamempudHux pieHsaHs 0yia noby008aHa aAHAIIMUYHA MOOelb KOHePYeHYil 6
080X popmax — napamempuyHini ma sAGHIU 8 3ANeHCHOCMI 810 OOHIET 3 KOOPOUHAM HA NIOWUHI THYUOEHIMHOCTI,
a, makodic MoOeb 3aHYPeHHs. 00 KOHepYeHyii nodanoi kpueoi ainii. 3anypenns ninii 00 KoHepyeHyil 32i0H0 3
KOHCIMPYKMUBHO — NAPAMEMPULHUL MEMOOOM HAOAE 3MO2Y SUIYYUMU OKPEMY NOBEPXHIO, WO YMBOPIOEMbCA 3
cimeticmea mpoxoioanvHux Kpueux. B cmammi nagedeno KOHKpemHi npukiaou KOHCMPYIO6AHH NOGEPXOHb 3a
OMPUMAHUMY DIGHAHHAMU.

Haykoea Ho6usHa ma npaKxmuyHa 3HAYUMICINb OMPUMAHUX 6 POOOMI Pe3YIbmamie noiseac y po3gumky
3aco0i6 KOHCMPYIOGAHHA NOGEPXOHb CIMEUCMEAMY MPOXOIOANbHUX KPUBUX, WO HAOAE 3MO02Y GUHAXOOUMU HOBI
Gopmu pobouux opeanis IpyHmMooOPoO6HO20 3HAPAIOSL.

Kniouogi cnosa: pobouuii opzan, mpackmopisa pyxy, KOHZpyeHUia, mpoxoioanvHa Kpuea, yuxaioioa.

Beryn. LluknoinanpHi KpuBI 37aBHA NMPHUBEPTAIOTH yBAary BYEHHMX, OCKUIBKH BOHH
BiIOMBAIOTh 0OaraTo MpOIECIB, MO BiAOYBarOThCS B TEXHIII Ta >uBid npuponi. Tak,
HaIpUKIIAJ, IUKI0iAa o0JaJHae BJIACTUBICTIO, IO TLIO, IO KOB3a€ YAOBXK Hei 0e3 TepTs,
3MIHCHIOE KOJMBAaHHSA 3 TEpioJIOM, IO HE 3aJeXUTh BiJ MOYAaTKOBOTO ITOJIOXKEHHS.
3’sICyBaJIOCh, IO TPAEKTOPIi TUTAHET BIAHOCHO 3eMJi MaloTh MPEACTABJICHHS Yy BHUIJISII
eminukioiny. 1li KpuBI TakoX 3HAMIUIM HMIMPOKE KOJIO 3aCTOCYBaHb IpU (POPMOYTBOPEHHI
P13HUX BUPOOIB MaIIMHOOY/yBaHHS.

TakuM 4YHMHOM, PO3BUTOK CIOCOOIB (POPMOYTBOpEHHS MOBEPXOHb Ha OCHOBI ciMmeil
TPOXOINATHbHUX KPUBUX CKIIA/IA€ aKTyalIbHY HAyKOBY ITPOOIIEMY.

AHaJi3 0CTaHHIX J0CHiIKeHb 1 my0aikanii. 3aCTOCYBaHHIO IUKIIOIAAIBHUX KPUBUX B
MaIlIMHOOYAyBaHHI MPUCBAYEHI YUCIEHHI JOCHKeHHsI. OCHOBHY YaCTUHY SKMX CKJIa/Jal0Th
pPOOOTH MPHUCBSUCHHI UKJIOIAAIBHUM Iepe/iayaM — MeXaHi3MaMm, 1110 MAlOTh 3aCTOCYBaHHS B
penykropax Ta Hacocax [1, 2, 3, 4, 5, 6]. [Hmy yacTuHy AOCHIKEHb CKJIaal0Th poOOTH 3
KOHCTPYIOBaHHS IPyYHTOOOPOOHOTO Ta 3eMiepuitHoro 3Hapsaas - [7, 8, 9, 10]. IIpu upomy
BO)XJIMBOIO T€OMETPUYHOIO XapAaKTEPUCTHKOIO € TPAEKTOPIsS PyXy TOYOK POOOYOro Oprany,
BiJ] SIKO1 3aJIe’KaTh 0araTo TEXHOJOTIUYHUX Ta eKCIUTyaTaliiHuX napamerpis [9, 10].

B poGoti [8] Oymo BH3HAUEHO TPAEKTOPIEID PYyXy TOYKH, MO OOEPTAETHCSA MO KOy
paniyca R 31 cTanor KyTOBOIO MIBUIKICTIO W Ta, BOJHOYAC, 3/IHCHIOE IPSAMOJIHIHHUN pyX 13
CTaJIol0 MBUJKICTIO S. [TapameTpuyHi piBHSHHS Tpa€eKTOPii MarOTh BUTIIS!

Xx=st+ Rsinwt, y=Rcoswt .

dopma 11i€i diHii Oy/e 3anexaTH BiJl CIiBBIAHOIIEHHS MapaMeTpiB W Ta S. Tak, okpeMuM
BUIIAJIKOM TaKoi KpUBOI € MHUKJIOiga, sKa BU3HAa4YaeThes piBHICTIO S/W=R. Came Taka dopma
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TPAEKTOPIi BUKOPUCTOBYETHCS TPH KOHCTPYIOBaHHI IPYHTOOOPOOHOTO 3HAPSAMS, 30KpeMa
JIMCKOBHX KoIayiB [9].

Ckimanom L A. Tta #oro yunamu [11] OyB po3poOieHUN KOHCTPYKTUBHO —
napaMeTpUUYHMI MeToX (POPMOYTBOPEHHS IOBEPXOHb. MOro XapakTEpHOK pPHCOI €
y3araJbHEHHS] MAaTeMaTHYHOTO OIUCY KOHCTPYKTUBHUX CHOCOOIB  (hOPMOYTBOPEHHS
MOBEPXOHb, a, caMe, KIHEMaTHYHUH CIoco0y, Crocoly ChemialbHUX KOOPAHWHAT, CIIOCO0Y
BWJIYYCHHsI JIIHIHHOTO KapKacy MOBEpPXHI 3 KOHTPYeHIii JIiHii. B OCHOBY KOHCTPYKTHBHO-
napaMeTpUIHOr0 METOAY OyIIO MOKIIAeHO HACTYIIHI 171€ei:

- MapaMeTpUYHE JTOCTIKEHHS TeOMETPUIHUX (Piryp;

- KOHCTPYKTHBHI MeToau (hOpMOYTBOpPEHHs aireOpaidyHuMX IOBEPXOBHUX Ha OCHOBI
MOJIOXKEHb CHHTETUYHOI TeOMETPIT;

- TEOpisi KOHTPYEHIIIH KPUBUX Ta IXHIX MOBEPXOHbD;

- romeoMopdi3M 1 KpUBOJIIHIMHI KOOPAUHATH.

[TomanHs KOHTPYEHIIii 3TiTHO KOHCTPYKTUBHO — MapaMETPUYHOMY METOJy MOJIATAE Y
BU3HAYCHHI TPhOX QYHKIIIHA BiJ TPHOX MMapaMeTpiB

x=f(uwt),y="f(uvt),z="1Uu,vt)

Ie X,Y,Z - IpAMOKYTHI IeKapTOB1 KOOPAUHATH,
u,v — ImapaMmeTpu KOHTPYeHIIii, t — mapaMeTp MOJI0XKEHHS TOYKHU Ha JiHiIT KOHTPYEHIIi.

BimBogsum 3a dWeproro 3MiHHUM U, V, t poiib BUIBHOTO TapaMeTpa, MPUHIEMO JI0
BHUCHOBKY, IO, OKpIM TpbOX KOHTPYEHLIH JIiHIA OCTaHHI pIBHSHHS BHPAXAIOTh TPH
OJTHOTIapAMETPUYHI CiM’T TOBEPXOHB, IKi HOCSTH Ha3BY 130MapaMEeTPUIHUX.

JIiHii KOXHOI 3 TPHOX KOHTPYEHIIiH, Hampukian, ! - KOHrpyeHIli, € pe3yIbTaToM
NEPEeTHHY MOBEPXOHb, OJIHA 3 SIKUX HalleXkaTh JI0 i30mapaMeTpuyHoi ciM’i V=const, iHmma —
i30mapaMeTpu4HOi ¢iM’i U= CONSt Ipu MHOXUHI oo’ map.

Mera crarTti (moctaHoBKa 3aBaaHHs1). MeToro Iii€i poOOTH € po3podka CrocoOy
BUJIyYCHHS] TOBEPXOHb 3 KOHTPYEHIIi IUKJIOIJANbHUX KPHUBHUX, SKa YTBOPEHA 3MIHOIO
napaMeTpiB GOpMHU TPAEKTOPIi pyXy TOYOK POOOYOT0 Oprany 3HAPSIS.

Metoan pocaimkenHsa. B poGori Oyno BHKOPHUCTaHO METOAU T'€OMETPUYHOTO
MOJIEIIOBAaHHS, 10 TPYHTYIOTHCS Ha OCHOBI aHAJIITUYHOI, TU(EepeHIianbHOl TeoMeTpli, Teopii
NOBEPXOHb Ta KOHTpyeHIil. Takox B poOOTI BUKOPUCTAHO KOMII'IOTEPHE MOJICIIOBAHHS Ta
Bi3yaii3alilo pe3yibTaTiB 3 BUKOpUCTaHHSIM 016mioTexu Matplotlib MoBu mporpamyBaHHS
Python.

OcHoBHa yacTuHa. [lepeiinemo 10 popmyBaHHS MaTeMaTUYHOT MOJIEN1 KOHTPYEHIII.

V piBHSAHHSX KPHBOi 3p0OMMO 3MiHY mapaMmerpa t Ha U=Wt, OyaemMo MaTu

S .
X=—U+Rsinu, y=Rcosu
w
[To3HauMBIIHM CITiBBiTHOIIICHHS TApaMeTpiB popMu KpuBoi SIWR , ik M, oTpumaeMo
X =R(mu+sinu), y=Rcosu. (1)

PiBusiHas (1) € mapameTpuyHUMHM PIBHSHHSAMHU TPOXOilajdbHOI KPHUBOI 3arajlbHOTO
Buriany [11]. Konkpetnuii Tun 1iel niHii 3anexaTtume Bia criBBigHomeHHs M. Tak, mpu m=0
Oynemo maTH Kojio paniyca R; mpu m<1 - nmonoBxeHy HMKIOiAY; pu M=1 - nukioiny; npu
mM>1 - 3MeHIIeHy UKIIOINY; P M=00 - MPSAMY.

PiBHsiHHS 11i€1 MiHIT MOXIIMBO OTpHMaTH B iHIIN (opmi, ycynysmu 3 (1) mapamerp t.

bynemo maru:
x=mRarccos%+,\/R2—y2 _ @)
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Axmo B piBHAHHAX (1) ym (2) BBaXaTd 3MIHHUM TapamMeTp M OTPUMAEMO
OJIHOTIapaMETPUYHy MHOXXHMHY JIiHIM Ha TuiomuHi. ToOTo, BUIE3ralaHi piBHSHHS MOXHA
BBa)XAaTH PIBHSIHHAMHU CIMEHCTBa TpOXOimajdbHMX KpuBHX. Ha puc. 1 HaBeiaeHO mpuKiIan
pO3TalryBaHHs JiHIH IFOTO CiMecTBa HA TUIOIIKHI.

Pucynoxk 1 - Posramysanss minii cim’1 (1) Ha totomuai mpu R=2; m=0...1,6; -31/2< u <37/2.

{06 yTBOPUTH Y MPOCTOPI KOHTPYEHIIi}0 TPOXOiTATBHIX KPUBUX, MMOAAEMO HA IUIONIUHI
Oxy cim’to mini# (1) Ta OyneMo mepeMinryBaTH IO IUIOMIUHY pa3oM 13 CIMEHCTBOM KPUBUX Y
HATIPSAMKY 0ci Z. TAKMM YHHOM, Y TIPOCTOpi Gy/Ie PO3TAIIOBAHA 00 IIapaTeNbHAX IUIOLIHH, 10
KOKHIi 3 SKUX HAIEKATHME 00- TPOXOiNanbHUX JiHINA. PIBHAHHS 1i€1 KOHTpyeHILIl MAaTUMYTh
BUTJISAI;

x=R(mu+sinu), y=Rcosu, z=Kk, (3)
abo B iHmIi# popmi
x:mRa\rccolem/R2 -y?;
R (4)
z=Kk,

ne: M ta K — cyTTeBi mapaMeTpu KOHTPYEHILil.

3rigHo 3 piBHAHHAMU (4) 00JaCTh ICHYBaHHS KOHTPYEHIIT 0OMEXY€EThCS 3HAUYCHHAMH Y
B Mexax Biag -R go R. Ilo0 Bumyuntu 3 mi€i KOHTpyeHLIi AEsKYy MOBEPXHIO, TOCTATHHO
3B’s13aTH TIapaMeTpu M Ta K 3a1exHiCTIO

m=m(k). (5)

Taky 3amexHICTh MOXJIMBO OTPUMATH, 3aHYPIOIOYM JI0 KOHTPYEHIIl AESKYy JIHIIO.
Hexaii us ninis nogaerbes y popwmi:
F(xy,2)=0; 6
{Fz(x’y’z)zoa ©)
TOJIi, PO3TJISIAl0YM Pa30oM CHCTEMH PiBHAHB (6) Ta (5), MOKIMBO OTPUMATH 3alIXKHICTH (5).
[TincraBnsgroun BUpa3 mpaBoi yacTuHU (5) 10 (3), MaeMo mapaMeTpUyH1 PIBHSHHS MOBEPXHI
KOHI'pYEHIIi, SIK1 BIIMOBIAI0Th 3aHYPEHHIO MO/IaHOT JIiHii:

x=R(m(k)u+sinu), y=Rcosu, z=k. (7)

Hampuxkman, sKio 1i€ro JiHi€0 € TI0CKa KPHUBa, 1110 JEKUTh Yy IIOMKWHI X=CONSt=C, Ta
MOJIA€THCS PIBHSIHHIMMU:
{ X=C;
y =¢(2).
3anexHicTh (5) HaOyBae BUTIIALY:

o EVR = 0(0)

¢(k)

Rarccos——~*
R
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[TincraBnsroun mpaBy YaCTUHY OTpHUMaHOTO BUpa3y 10 (7) MaeMo

— 2_
x=R LoNR ) w-u+sinu , Yy=Rcosu, z=Kk
#(k)
Rarccos =~

- TMapaMeTpUYHi PIBHSHHS MOBEPXHI, IO BIANOBIAAI0TH 3aHYPEHHIO MOAAHOI JIiHIT 0
KOHT'PYEHIIii TPOXOilaTbHUX KPUBHUX.

Jo Tabmumi 1 3BeACHO MOBEpPXHIi, IO BIAMOBINAIOTh 3aHYPEHHIO PIZHHUX JIHIA JI0
KOHTpyeHIIii (4). ¥ sIKOCTi JiHI}, 110 3aHYPIOOTHCS, OyJIM B3SITH JIiHIT, K1 HAHOUIBII IIUPOKO

BUKOPUCTOBYIOTbCS B MPAKTHIIl KOHCTPYIOBaHHS pOOOYHMX OpraHiB IpyHTOOOpPOOHOTO Ta
3eMJICPUITHOTO 3HAPSIS.

Taoauns 1
Jlinis, mo PiBHsHHS Bupas 300paskeHHs OTPUMaHO]
Ne 3aHyPIOETh JHIA, KA 3aJIeKHOCTI (5) TTOBEPXHi
/1 ot 3aHYPIOETHCS
JIO KOHTPYEHITii
1 2 3 4 5
Mpvia, . VR @
1 napa- = m= —
JIeJIbHA OCi y=a Rarccos—
7 R
IIpsima B X=C m—C_JRZ_(akij)Z 0
2 [JTOTIMHI b - ak +b
Oyz y=az+ Rarccos )
IIpsama m_Ck+d—1/R2—(ak+b)2
3 | 3araibHOro x=cz+d - R ak +b
[MOJIOKEHH y=az+b arccos
s
5
§%§§ "nv?m
N c—VR’ -1’ +Kk* el
= — F Wi
4 Koo 2 2 2 m= 7 +k? : \S" v
y +2°=r Rarccos_T i
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[IponosxxenHs Tabnwmii 1

m_bc—\/szz—az(bz—kz)

. 2 2 _ |2
5 Eninc L+L =1 bR arccosm

2pc—+/2p*R? —k*
Iapa X=C m="2P P ;
6 ) k
Gona 7?2 =2py 2pRarccos ——
2pR
— b _ RZbZ _ 2 bZ k2
7 lNmep y? X ch m = \/ " a (bz +k2)
boma =1 bRarccos~ V2 TX
a® b
pmi y
HIpy4 X2 4+ 7% = 3> Jai—k? - |R? —b? arcsinzg
8 Ha A b K
TBUHT Z=asIin— Rarccos(—arcsin—)
b R a
oBa
JHIS

OO0roBopeHHs pe3yabTaTiB. SIK MoKa3ain pe3yJbTaTu AOCHiIKEHb, HAa POPMY TpaeKTOpPil pyxy
BIUIMBAE CIiBBiTHOIIEHHSI M mapaMeTpiB Gpopmu. Tomy onTuMizallis TpaeKTOpii Moke BinOyBaTHCs 3a
PaxyHOK 3MiHHM BCiX TPHOX CKJIaJOBUX R, W 4H S, 1110 BXOJATH JI0 PIBHSHb TPOXOiAadbHOT KPUBOI.

BucHoBku. OTpuMaHi pe3ynbTaTH MOXYTb OyTH BUKOPUCTaHI NPH KOHCTPYIOBaHHI poOoUYmx
OpraHiB 3eMJICPUHHOTO Ta IPYHTOOOpPOOHOro oOmanHaHHsa. [Ipyu 1BOMY, MOAAJBIN JOCHIKCHHS
MOJKJIMBO CIIPSIMYBAaTH Ha TOIIYK YMOB HAsBHOCTI AMCKPHUMIHAHT CiMEHCTB TPOXOINANbHUX KPUBHX,
30KpeMa, OTHHAIOYHX TAKHX CIMEHCTB.
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O. Frolov

RESEARCHING THE SURFACES OF TROCHOIDAL CURVES CONGRUENCE

The method of extracting a surface from the congruence formed from the trochoidal curves by
submerging the feed line is considered. The study of the surfaces formed from the trochoidal curves is of
relevance to the description of the surface of the excavation of earthmoving machines, in which the cutting edge
of the working body makes two motions: relative — rotation in a circle at an angular velocity w = const and
figurative — rectilinear motion of the axis of the working body with the speed s = const in a direction
perpendicular to the axis of rotation. According to this principle, the working bodies of earthmoving machines,
rotor and chain trench diggers, etc. execute their motions. Besides that, such movement is typical for working
surfaces of the soil processing equipment.

The mathematical model of the congruence of the trochoidal curves has been developed. The parameter
of this congruence is a coefficient that depends on the parameters of the shape of trochoids and the distance
between the parallel planes in which the families of these curves are located. The lines that are most commonly
used in engineering of the working bodies of soil and earth-moving machinery have been used as the lines to be
submerged in congruence.

In the research the structural-parametric method of shaping the surfaces, proposed in the works of I.
Skidan, has been applied. It is based on the theory of curve congruences and their surfaces.

At the beginning of the research, a constructive model of the congruence of the trochoidal curves has
been designed, which is formed by changing the ratio of the parameters of the cycloid shape and the plane-
parallel displacement of the obtained family of curves in the direction perpendicular to the incident plane of the
trochoids. Then, on the basis of general parametric equations, the analytical model of congruence has been
constructed in two forms — the parametric and explicit, depending on one of the coordinates on the incident
plane, and the model of immersion to the congruence of the given curve line. Immersion of the line to the
congruence according to the constructive-parametric method allows removing a separate surface, which is
formed from the family of trihedral curves. The article gives the specific examples of constructing surfaces
according to the obtained equations.

The obtained results can be used to design the working bodies of earthmoving and soil-processing
equipment. In this case, as the results of studies show, the shape of the trajectory of motion is affected by the
ratio m of the shape parameters. Therefore, optimization of the trajectory can occur by changing all three of R,
w, and s components, included in the equations of the trochoidal curve.

The scientific novelty and practical significance of the results obtained in the work lies in the
development of ways of constructing surfaces by the families of trochoid curves, which allows inventing new
forms of working bodies of the tillage machinery.

Keywords: working part, trajectory, congruence, trochoidal curve, cycloid.
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