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INEPEJIMOBA

Haii6inpini TpymHOIII TiJl Yyac BUBYEHHS KypCy BHIOI MaTeMaTHUKH Yy
CTY/ICHTIB BUHMKAIOTh IIPY PO3B’s3aHHI NMPAaKTHYHUX 3ajad. Po3B’s3aHHA 1 aHAMi3
3a/a4 JO3BOJISIFOTH 3PO3YMITH 1 3armam’siTaTi OCHOBHI TeopeMu i opmynu gaHoro
Kypcy.

JlaHi MeTOnMYHI BKa3iBKM BiIHOCATHCA 0 TeMH «Psmm». Jlnst po3BUTKY
HaBMYOK CaMOCTIHHOTO pO3B’SI3aHHS NPAKTHYHUX 33/a4  3arpoIIOHOBaHi
IHIMBIIyaabHI 3aBJaHHS 3a OCHOBHMMHU pO3AUIAaMU TeMH. Mera 3aBmaHbp —
3aKpINHUTH 3HAHHSI OCHOBHHMX TeopeM 1 (DOpMyJl, 3aCBOITH NPUHOMH PO3B’S3aHHS
3ajad.

VY mpeicraBiIeHOMY 10 Balliol yBard HaBUAIBHOMY MOCIOHHKY BKITIOYCHI
TEOPETHYHI TMTAHHS Ta TMPHUKIAAM TPAKTHUYHUX 3aBJaHb JIO MOJIYJIBHOTO
KOHTpPOJIIO 3 TeMH «Psimu», 3 METOI JOMOMOITH CTYACHTaM Yy MiAroTOBHI 0
HAIMCAaHHS MOJYJIbHOI KOHTPOJIBHOI poOOTH.

VY Mexax IHIWBIQyaJbHOTO 3aBJaHHS CTYAEHT BHKOHYE IISATh 3ajad,
YMOBH SKHMX HaBesieHi y po3a.2. Homepa 3amau HeoOXiqHO 0OMpaTH BilHOBIAHO 10
CBOTO BapiaHTa, SIKUI BiANOBiJa€ HOMepy 3aJlikoBOi KHIKKH. Hanpukiaz, sKmio
CTY/IEHT Mae HoMmep 3aiikoBoi KHIKKM 150590079, to mis Toro, mo0 obparu
HOMEpH 3aJ[ay CJiJ B3ATH 10 YBard JIMIE TPU OCTaHHI HU(PH i pO3TAlIyBaTH ITi[
HUMH TPH MEPIL JITepH yKpaiHChKOro andasiTy, HAMPHUKIAI:

079
abs

[oTiM i3 KOXXHOTO BEPTHKAIBHOI'O CTOBIYMKA JOAATKY A, 3a3Ha4€HOro
BHHU3Y BIJNOBIZHOIO JIiTEpOIO, Tpeba B3ATH OIHE YHCIO, SKE CTOITh Yy TOMY
TOPU30HTAIILHOMY PSIIKY, HOMEp SIKOT'O CITIBIIAJa€ 3 HOMEpaMH JIiTep.

Hanpuxman, HOMepu 3amad, sKki Tpeba poO3B’sA3aTH Ui BapiaHTa
150590079, HacrymHi: 422, 439, 446, 453, 462.

Baxaemo ycrmixis!



PO3ALI 1. TEOPETUYHI BIIOMOCTI TA ITPUKJIAZIN
PO3B’S3AHHA TUITOBUX 3AJJAY 3 TEMU «PA 11»

1.1 Yucnosi psan

Yucnosum padom Ha3UBAETHCS BUPA3
e 0]
aj tay +tag+t..tag+..= X ag, (L.1)
n=l1

fle uncna aj,a Ay o SIKI Ha3MBAIOTHCSl WICHAMHM Dsifia, YTBOPIOIOTh
s TS
BiJIOMY YHCJIOBY ITOCJIiIOBHICTb.
Uucnouii psin (1.1) HazuBaeThes 30idicHuM, SIKIO CyMa N TEPIINX HOro
wieHiB S, = ap+ay +ag+..+ay (dacTkoBa cyMa psja) mMpU N —> coMae

TPaHULIO.
L5 rpaHuI HA3UBAETHCS CYMOIO PSINLY, SIKMH 30iraeThCsl.

Slkmo lim S, He icHYe, TO Psil HA3UBAETLCS POIOINCHUM.
n—>o0

OpHUM 3 HaWOPOCTIIIHMX PSIiB, aje TaKUM, L0 YacTO 3YCTPI4aETHCSH, €
HECKiHYeHHa TeOMEeTpHYHA IPOTPecis:

2 -1
a+aq+aq +...+aqn + .. (1.2)
Binomo, 1o npu |q| <1 psan (1.2) e 36ixunM 1 Mae cymy a/(1 —q). Ilpu
|q| > 1 reomerpuyHa IIPOrpecist ABJIsIE COOOI0 P, KU PO30iraeThes.

[HIIMM Ba)kKTMBUM NPUKIIAZOM € y3arajJbHEHUH TapMOHIYHUNA Psij

1 1 1 1 § 1 (1.3)
—t et — et ——F.= L —, :

SIKMH 30iraeTbest mpu p > 1 1 po3diraerses pu p < 1.
Oco0JIMBO 9acTO 3yCTPIYa€eThCs BUMAOK, KOTH p = 1, IKOMY BiJIIIOBia€e
PO3OIKHUN psiA:

1 1 1 © 1
I+—+—+.+—+..= X —, (1.4)
2 3 n n=lp

BIJIOMHUH TiJT IMCHEM 2ApMOHIUHO20 PsiOy.



P moxe 30iraTucs juine 3a yMOBH, KON CIHIIBHAN 4ieH Py a,

HaOMKaeThess 0 Hyns mpu n—>oo:  lim a, =0. (Lle neoOximua, ane
n—o

HEJIOCTAaTHs O3HaKa JJIsl OY/Ib-SIKOT'0 PSIIY).

Skmo lim a, # 0, T0 psin po3diraeThes.
n—oo

JLyist 4MCIOBHUX PSIIB 3 IONATHUMH 4wieHamu (a, > 0), Ipu JOCITiHKEeHH]

X Ha 301XKHICTh, 3aCTOCOBYIOTh HACTYIIHI IOCTaTHI 03HAKH 301>KHOCT!I.
llepwa o3naka nopieusnns. Jlano 1Ba 3HAKOJOJATHUX Psia:

0
Up Uy Uy = nZzlun , (1.5)

e 0]
VitV tvy = nZzlvn . (1.6)

Hexaif unenu mnepmoro psay He NEPEBHIIYIOTH BIANOBITHUX YJICHIB
JIpYToro psay:

Uy < Viiuy < Vo, Up SVhoee

i Jpyruiéi psyg 30iraerbes. Y TaKOMY BHIQJAKY IEPIIHA DSl TaKOXK
30iraeThes 1 HOro cyma He TIEPEBHIYE CYMH IPYTOTO PSIY.
) 1
Ipuxnaz. JLocaiauTy 301KHICTE paay 2. .
=1 -0
n=l2- +1
Po3B’s3anns. UieHn 1aHOTO PSy MEHIIE BiIIOBITHUX YJICHIB PsITy
o 1 1 1 1
T =—4+—+—+..
n=l2" 2 4 8
Ane ocraHHIi psj 30ira€ThCs SK HECKIHUCHO CHAjHAa TeOMETpHYHA

1
nporpecis (q = — < 1). BimnoBigHo, 30iraeThes i TaHWHA PSII.
2

o 1
Bianosine. Pag 2. o
n=l2" 41
Hpyea o3naxa nopienanns. Jlani na 3naxoponatHi psau (1.5) 1 (1.6).
Hexaif unenu mnepmoro psgy (1.5) He MeHIIe BiIIOBIIHUX HWICHIB

npyroro psay (1.6):

30Ira€ThCs.

Uy Zvl,uz sz,...,un 2 Vp e



i psan (1.6) posbiraereca. Y Ttakomy Bumaaky psag (1.5) Takox
po30iraerncs.
[puxknaxa. Jlocmiauty Ha 301KHICTD P

1 1

1 1 © 1
—t et ———— = Y ——.
VIn2 " VIn3 " VIn 4 Tt JIn(n +1) " n=1\/In(n + 1)

Po3B’s13aHHs. PO3TisTHEMO TOTTOMISKHUIA DSt
1

1 1
$+$+...+7m+...,

KM po30iraeTbcs K y3araJdbHeHWH rapMmoHiunumii pag (1.3) 3

1
MMOKAa3HUKOM p = — < 1. OCKIJIBKU KOXKEH WJICH PsITy OLTBIIIE BiMOBITHOTO WiCHA
2

OCTaHHBOT'O PAAY

1 1
lnn<n,\/lnn<\/;, >,
vVinn \/;
TO B CHUIY IPYroi O3HAKH IOPIBHSHHS MIOYATKOBHHA PSIIT pPO30IraeThesl.

w 1

Bigmoeige. Pag > ————— po36iraethest.
n=1,/In(n + 1)

[HONI OyBa€e KOPUCHOIO HACTYITHA TEOpEMA.
Teopema. SIxmo 36iraeTbest (po3diraeTsbes) psij

ul+U2+U3 +...+un+...,

TO 30iraeTscst (po3diraeTses) i psng

| +um+2 +um+3 + ...,

SIKMH OTPUMYEMO 3 JAaHOTO POy BIOKMIAHHSAM IEPIIMX M 4ieHIB (uei
OCTaHHIM psiI HAa3WBAIOTb M -0 OCTAY€l0 IIOYATKOBOTO psiAy); HaBIakKH, 3i
30ikHOCTI (po30ikHOCTI) M-I ocraul psay BHTIKae 30DKHICTH (PO30IKHICTBH)
JIAHOT'O PALY.

[Mpukmnazn. Jocmigury 301KHICTD PTY

1 1 1
—t+—+—+...
11 12 13

Po3p’sizanns. JlaHuii psg oTpuUMaHMK 13 TapMOHIYHOTO BiAKHIAHHIM

TepIIUX JecsTH WwieHiB. OTxKe, BiH po30iraeThcsl.
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1 1 1 )
— + — 4+ — +... po30iraerbcs.

11 12 13
Tpems osnaka nopienanus. SIKIIO icCHye KiHIIEBA 1 BiAMIHHA BiJ HyJsS

rpanuis  lim (uy, /v, ) =k, 1o obunsa psau (1.5) i (1.6) omHoyacHo 36iratoThest
n—o0

Binmosins. P

200 OIHOYACHO PO30IraroThCs.
[Mpukmnazn. ocmigury 301KHICTD PTY

1 1 1 1
—+—+—+—+..
2 5 8 11

Pos’szanns. Tyr u, =1/(3n—1). TlopiBHsemMo psin 3 po30iKHUM

n 1

u
rapMoHiuHuM psijiom (1.4), B sikoro v, =1/n: lim 1~ Jim
020y~ 0293n -1 3

OTxe, naHuii psj po30iraeThes.

o 1
Bigmosige. Pag > ——— posbiraeThes.
n=13n -1
[opiBusHEs 3 rapMoHiyHMMU psgamu  (1.3)
BCTAaHOBUTH TOBEJIHKY 0aratboX psiB. 3a MEPHIO 1 JPYror O3HAKaMU

i (1.4) no3BOJSIOTH

TIOPiBHSHHS:
) °§ 1 - 1 1
a ————— po306iraeThes: > ;
n=l /n(n +1) \/n(n +1) n+l1
© 1 . 1 1
6) nél\/zi 30IraeThCs: ﬁ < j N
n(n +1) n(n~ +1) 02
0 1 P
B) X D (p > 0) posdiraerscsa: (Inn)” <n (w1g AOCTATHBO
n=2 (Inn)
BEJIMKUX N);
®© n! n! 2
r) X — sbiraetbes: — < —5 (w1 n>3).
n=lpn n  n

3a TpeThOI0 03HAKOIO MOPiBHSHHS:

11



e 0]
a) X — 3 (b > 0) 30iraerbcs mpu S > 1, posOiraeTscs mpu

n=nq (a + bn)

S<i 1 1 1
< R T e ol
(a + bn) n3 b3
0) 0201 : 0i : : 1
—— po30biraerbes: ——: — —> 1;
n=l nQ/g n¥n n
© X ) ox 1
B) 2 sin— (0 < x < 7) posbiraerses: sin—: — —> X ;
n=l n n
2
® X ) X 1 X
r) > (1-cos—) 36iraetbes: (1 —cos—): — .
n= n n n 2

Crij 3a3HaYUTH, 10 B psaax, sKi MICTATH (pakTopiaian, KOPUCHOK OyBae
¢dopmyna Cripiinra:
noQ
n
nt=v2m-| — | 2T (0<Q<1),

(&

sIKa JI03BOJISIE OIHUTH BENWYMHY (akTopiana n! Mpu BETUKHUX 3HAYESHHIX
n.

BukopucranHs 03HaK MOPIBHSHHS MPH JOCHTIDKEHHI PAIIB 4acTo OyBae
YCKJIATHCHUM Yepe3 HEOOXIMHICTh CKIamaTh JonoMikHUN psn.  CHiTbHEX
NpuiOMIB Uil 1bOrO, NMPWAATHUX sl BCIX BUMAAKiB, He icHye. Tomy, mpu
JIOCII/PKEHH] PAAIB, YacTO BUKOPHUCTOBYIOTHCS 1HIII JIOCTaTHI O3HAKH, 30Kpema,
HaCTyITHA:

Osuaxa Jlanambepa. Sxkmo s 3HakopoxmaTHoro psany (1.5) icmye
TPaHMIl BiJHOIIEHHS HACTYIIHOI'O WIEHA psiga A0 THONEpPEeaHbOro MpH
HEOOMEKEHOMY 30UTBIIICHHI HOMEpa WICHa N, TOOTO

lim Insl =p,
n—o uy,
To IpH p <1 psix 30iraeTees, npu p > 1 psix po30iraeTses.
Opnpa3y BigMidaemo, IO mpu p =1 JaHa O3HAKAa HE A€ MOXJIUBOCTI

CYJMTH TIPO MOBeAiHKY psny (1.5).
Mpuxknan. Jlocmiautu 301KHICTD PsIy

12



Po3B’s3anns1. Bukopucraemo o3Haky JlamamoOepa;
Maemo:

10

. un+1 . ' .
lim = lim 7102211m 710:2.
o0y n—® (1 1) n—o0 ( 1)

I+—
n
Ockinbku p = 2 > 1, T0 ps po30iraerhes.
n
o0
Bignosine. Pag X —{p Po3Oiraerhes.
n=l
VYV Tux Bumaikax, konu o3Haka J[lamamOepa He 103BoJIsiE€ 3pOOHUTH
BHCHOBOK IPO 301KHICTH 200 pO301XKHICTD psiy, MOPSJ 3 O3HAKAMU TMOPIBHSHHS
YaCTO BUKOPUCTOBYETHCS HACTYITHA JJOCTATHSI O3HAKa 301KHOCTI psy.
Inumeepanvua oznaxa Kowi. Hexail unenn 3HaxomonmatHeoro psay (1.5)

u,(n=12,..) € sHauennsamu mpu x =1,2,3,..,n,.. meakoi Qymkuii f(x)
JIOJIATHLO1, HEMEPEPBHOT, CIaIHOI Ha iHTepBayi 1 < X < 00 Tak, IO
up = f(1), Uy = f(2), ..., uy = f(n), ...,

toni psax (1.5) Oyne 36iratucs abo po3diraTucs y 3ajIeKHOCTI BiJ TOrO,

o0
36iraeThes um posbiraeThes interpan | f(x)dx .
1

0 1
Ipuxnaz. JLocaiauTy 30iKHICTE pagy 2. — -
n=2p.In" n

13



Po3p’sizanns. @yskuis f(Xx) = npu X >1 € JomaTtHeoOO i

x - InP x
cnagHoro (IpH OyIb-IKOMY P 1 IOCTaTHBO BEIMKOMY X ). TOoMY, JUIsl TOCHiPKEHHS

JIAHOTO PSAY Ha 301KHICTH MOXKHA BUKOPUCTATH 1HTErpajbHy o3Haky Korri.
Maemo:

1
1= <
(p-DnP 2
0 1

Bignmosige. Pag X 5 36iraeThes mpu p > 1.

n=2pln" n

. . . w 211
Ipuxnaz. JJocaiauTy 301KHICTE paay 2. p)

n=lp* 4

Po3p’s3anns. BukopucToBytoun iHTerpaibpHy o3Haky Ko, po3risHeMo
iHTEeTpa

2
o 2x A 2x ) Ad(x2+l) ) 2
I=Iﬂx= lim | dx = lim 127= lim In(x" +1)} =
1x“+1  AD®1x" 41 A-Do ] y“ 41 A-D® 1

= In(4+00) — In2 = +o0.
Hemnacuuii inTerpan posdiraerscs. OTke, MaHUH psJ TaKOXK
po30iraerncs.

. . w 211 .
Binnosizp. Pan 2 — po36iraeThes.
n=lpn* 4

Paduxanvna osnaxa Kowi. Slxmo mis psny (1.5) icuye  lim Ru, =c,
n—oo

TO Il psja 30iraeTbes mpu ¢ <1 1 posbdiraeTbes mpu ¢ > 1. Ilpu ¢ =1 nana
O3HaKa He J03BOJISE POOUTH BUCHOBOK PO 301kHICTH psay(1.5).
[Mpukmnazn. ocmiguty 301KHICTD PITY

14



2
1 2 3 4 n

Po3B’s13anHs.
3 yMOBHU MaeMo:

n
n

u, =
2n +1
TyT 3py4HO BUKOpHUCTATH 03HAKY KoIm, OCKiTEKA

n n
\unz

n+1

Otpumyemo
) ) n ] 1 1
c= lim n.lun = lim —=lm —=—<1.
n—>o0 n—>w0 9y 41 N0 1
24—
n
n
®© n
Bignosine. Pag X 30iraeThCs.
n=1\ 2n +1

PosrisiHeMo Terep psaM, WIEHH SKUX MaroTh Pi3HI 3HAKH.
3HAKOITOYEPEIKHUM PSIOM Ha3UBAETHCS PSiJl, SIKMH Ma€ BHUTIIS
U —U,+Uy—Uu, +..
1T U3
(1.7)
neuy, >0 (n=123,.).
Osnaxa Jleioniya. 3naxonouepexxHuil psin (1.7) 30iraerbesi, SKIIO

a0COJIIOTHI BEJIMYMHHU HOr0 YJIEHIB CIIaJaloTh, a CIUILHUNA YIEH HAOIMKAETLCSA 10
HYJIS, TOOTO, SIKIIIO BUKOHYIOTHCS HACTYITHI JIBI YMOBH:

Du>uy>o>uy>u >

2) lim u, =0.
n—>o0
[puxknaza. Jlocmiauty Ha 301KHICTD P
1 1 1 -1
5+ 5+ 2+...+(—l)Il — + ...
1-2 2-3 3-4 n(n +1)
Posw’s3anns. Leit psa 3amoBonbHsIE yMoBaM o3Haku JleliOHima:

15




1) 5 > 5 > 5> > >

1.2 2.37 3.4 n(n +1)°
2) g =gl 2 =0

Bimnosins. Jlanwuii psi 30iraeThes.
Teopema. 3HAKO3MIHHUHA PSIIT

ul+U2 +...+un+...

(1.8)

30iraeThes, KO 30iraeThCs P
4.

(1.9)

e T o T e
VY pomy Bunanaky psn (1.8) HasuBaeThCst aOCOMIOTHO 301KHIM.

o0 o0
36iKHUM pag 2 U, Ha3UBAETHCSA YMOBHO 36G1KHUM, SKIIO PAL X ‘un‘
n=l n=l
po30iraerncs.

[Tpu npakTHYHOMY BUKOPHCTaHHI 301KHHUX PsIiB 3a3BUYail OOMEKYIOThCS
JIeKiIbKOoMa TX MepimnMu yieHamu. JlomycrumMa npu boMy moMuIika (ocrada psiza)
HaKO1IBII IPOCTO OLIHIOETHCS ISl 3HAKOIIOYEPEIKHUX PSIJIIB.

Teopema _ Jleibniya. ITlomunka npu  3amiHi  cymu  30DKHOTO
3HAKOIIOYEPEKHOT0 Py CYMOIO JIEKIJTBKOX HOro WieHIB MeHIIa 3a aOCONoTHE
3HA4YEHHS NEPIIOro 3 BiIKWHYTUX YJICHIB.

, - D" ,
IIpuxnan. IlepeBiputH, IO pax 23— 30iraeTecst 1 00YMCINTH,

n=1 1
puOIM3HO, 3HAUSHHS cyMU 3 TouHicTIO 70 0,01.
Po3p’sizanns. IlepeBipsieMo 30DKHICTE psay 3a o3Hakoro JlelOHina:
BIIEBHIOEMOCS, 1110 HOTO WIEHH CIIa/Ial0Th 32 a0COIIOTHUM 3HAYEHHSM 1 110

1
lim |a,|= tim —5—=o.
n—o n—o0 47 41
Jlami 3HaXoQuMO MEKiJibKa IOCTIJIOBHUX IEpHIMX YIEHIB AAaHOTrO Py,
JIOKH HE OTPUMAEMO TaKHi WicH, aDCONIOTHE 3HAUYEHHS sikoro meHmre 3a 0,01:

1 1 1 1 1
——, @, =—; @3 =——; A, =—; Qg = ———.
2 2 9 3 28 4 65 > 126

a1=

16



3a BKAa3aHOIO BHIIE BJIACTHBICTIO 3HAKOMOYEPEKHHUX PSOIB IS
OOYHCICHHS CyMH JaHOro psay 3 TouHicTio 10 0,01 J0CTaTHRO B3ATH CyMy
YOTHUPHOX MEPIINX WICHIB:
o D" 1 1 11
2 3 r——+———+—=-0,41.
n=lp” 41 2 9 28 65
Bimnosins. Cyma nanoro psay npuOiusHo gopiBHIOE -0,41.

1.2 OyHKIiOHANBHI pAAK

0
Psn Zlun (x) =uy(X) +uy(X) + ..+ up(X) +..., WICHH SKOrO €
n=

(GyHKIIsIMA Bi 3MiHHOT X , HA3UBAETHCS (YYHKYIOHATHUM.

[Tpu pi3Hux 3HaueHHSX X 3 (YHKIIOHAJIBHOTO Py OTPUMYEMO pi3HI
YHCIIOBI PSIIH, SIKI MOXKYTh OyTH 301KHUMHU a00 po301>KHUMH.

CyKkynHicTh 3Ha4eHb X, HpH SKUX (YHKIIOHAJIGHMH psij 30iraerbcs,
Ha3UBa€ThCA HOro obnacmio 30iscHoCH.

3 ycix QyHKIIOHAIBHUX PSAAIB HAMITPOCTIIMMH 1 HAMOUIBII Y)KUBAHUMHU €
cmenenesi pAou BULIIALY

0
2
ngoanxn =ag +a;X +a5x +...+anxIl + ... (1.10)
a00 OUTBIII CHITEHOTO BUTIISIITY

s n 2
nzzloan(x —-Xxg) =ag+taj(x—xg)+ay(x—xy)" +.. (L11)
Ob6nactio 301KHOCTI OyAb-SIKOTO CTENEHEBOIO psIy € OAWH iHTepBal
YHUCIIOBOI OCi, IO € CUMETPUYHUM BimHOCHO Toukd X = 0 (mwist psay (1.10)) abo

X=X (s psamy (1.11)), sxkmit Moke OyTH 3aKpUTUM abO BiIKpUTHM, abo

HAITiBBiIKPHTHM.

Jns Bu3HavyeHHs oOmacti 30DKHOCTI (DYHKLIOHANBHHX pSAIB 3a3BHYAl
CIOYaTKy BUKOPHUCTOBYIOTh 03HaKy Jlanambepa, a moTiM Ti 3Ha4eHHS X , JUIS SKUX
I O3HaKa He BHpIIIye MUTAaHHA Tpo 30DKHICTH psiay (p =1), MOCHIIKYETHCS

0COOJIMBO, 32 JIOTIOMOT'OIO 1HIINX O3HAK 301KHOCTI PS/IiB.
[Mpukmnaz. 3HaiiTH iHTEpBa 301KHOCTI CTETIEHEBOTO PSTY

n
© 2 -n!
y 7){211’
n=l (2n)!
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Po3B’s3anns. BukopucroByroun oznaky Jlanmambepa, nrykaemMo rpaHUIIo

n+1 2n+2 n 2
+1) 2 .n! 2(n+1)x
p= lim nH| _ (n+1)x : x2n=]jm¥=
n—xo u, n%‘ (2n+2)! (2n)! D=0/ (2n +1)(2n +2)
1 1
2 P
=2X Hmn7n=0<l,
n—»0 1 2
C+-)2+-)
n n

TOOTO, IJIs TAaHOTO psixy p < 1 mpu Oynb-IKOMy 3Ha4YeHHI X .

Omxe, 3riqHo o3Haku JlamamOepa, neld psin 30iraeTbest npu OyAb-sIKOMY
3Ha4YeHHi X .

Bimnosine. [HTEpBaIOM 30iKHOCTI € BCSI YUCTIOBA BiCh —00 < X < 0,

[Mpukmnazn. 3HaiiTH iHTEpBaJ 301KHOCTI CTENIEHEBOTO PSIY

X X X X X
—+—F—+..+——+..= —_ .
AN A A
Po3p’s3anns. CknagaemMo I’paHI/IHIO
n+l

. Un+l n+1
lim = lim Iim ,— =|x
n—»c u, n—»c0 «’n +1 \/7 n—>oo n
TakuM 4YWHOM, JaHUH s 30iTaeThCs I |x| <1, TOOTO, B iHTEpBai

(—l, 1) , 1 po30iraeTbcs s |x| > 1. Paniyc 30ixknO0CTI psaxy R =1. Jocmigumo

Tenep 30DKHICTh PSAAY Ha KIHIAX iHTEpBaly 301KHOCTi, TOOTO B TOYKax X =1 i
x=-1.

[MixcraBnsroun B qanuii psig x = 1, oTpuMaeMo po30i>KHUHN y3araJibHEHHH
TapMOHIYHHH pSII:

1 1 1
$+$+$+,,,+$+...

(ockimpku p = — < 1).

B Touni x = —1 oTpuMaeMo 3HAKOMOYEPENKHUH Psi
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1

1 1
1+ —F——-—F+—F—...,
N R
SIKM 301raeTbcs Ha OCHOBI O3HaKu JIelOHina.

Bimnosins. O0macTio 301KHOCTI TAHOTO PSTY € IHTepBa
-1<x<I1.

Psoom Tetinopa nns dysakmii f(X) B OKOJMI TOYKM a HA3UBAETHCA
CTENIEHEBUH pAJl, IKUH Ma€e BUTTISI:
fla @ o Ve,
(x—a)+ (x-—a) +..+——(x—-a) +..(1.12)
1! 21 n!
Ockinpku pizHung Mix f(x) i cymoro n+1 uneniB psamy Telinopa €

f(x) = f(a) +

JIO/IATKOBUH 4JIEH T, (X) , TO, OYEBUIHO: ISl TOTO, MO0 MpH JIEAKOMY 3HaYeHHi X
IiHcHO MaJio Mictie paskiananas (1.12), HeoOXiqHO 1 JOCTATHRO, MO0 JTOJATKOBUN
wieH 1, (x) dopmynu Teiinopa — npu nupomy 3HaueHHi X — HaOIMKABCA 110 HYJIs

31 3pOCTaHHIM 1 :
lim 1, (x)=0. (1.13)
n—oo

Haiiyacrime moBoAWMTBCS MaTH CIpaBy 3 BHIIQAKOM, komd a =0 i
¢byukmis f(X) po3kmamaeTbes B psl O€3MOCEPETHBO 3a CTeneHIMU X :

> o,
X +.+—x +..(1.14)
21 n!

Le#t psix 3BUUANHO HA3UBAKOTE psidom Maxniopena.

Takum 4yuHOM, JUIA pO3KIagaHHS naHol QyHKINI B psg Teinopa (abo
Maxkopena) tpeba:

1) namcatn psag Teimopa juis paHoi QyHKUiT, TOOTO, OOYHMCIUTH
3Ha4yeHHs 1i€i (yHKOil 1 11 moXigHUX MpM X = a 1 MiJCTaBUTH iX Yy 3arajbHUNA
Bupa3 psay Teitnopa (1.12) anst moBiTbHOT QyHKIIIT;

£'(0) ~ £70)

X +

f(x) = £(0) +

2) nocmiuTh 3anMmKoBUd uieH 1, Gopmymu Teinopa s naHoi

¢GyHKIIT 1 BU3HAUUTH CYKYIHICTh 3HAa4€Hb X, NPH SKUX OTPUMAHUHA P
30iraeTbesi 10 AaHoi (YHKIiI, TOOTO NpPH SKUX BUKOHYETHCS CHiBBIJIHOIICHHS
(1.13).

Banumkosuii wieH 7,(X) npu 1bOMy 3a3BHYail 3anmuCylOTE y (opmi

Jlarpanxa:
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(Vo)
L(x)=——(x—-2a) , a<Q<x. (1.15)
(n+1)!
Juns  OGaratbox (YHKIIH, SKI BUKOPHUCTOBYIOTHCS y TPAKTUYHHX
3aCTOCYBaHHSX MaTeMaTHYHOTO aHajli3dy, iHTepBayl 30DKHOCTI psay Telnopa
TIOBHICTIO CHIBHAga€ 3 CYKYIHICTIO THX 3HaueHb X, NPU SKUX BiJIOBIIHUNA

3QIMIIKOBUH wieH T, — 0, Ko n — o0, ToOTO st GaraThox QYHKIIH KOXKHA

Touka X 30DKHOCTI psagy Telnopa € i TOUKOr 301KHOCTI IIHOTO PsAY A0 QYHKIII,
o #oro mopomwia. ToMy mpu po3kiafganHi Oaratbox QyHKIIN y psa Teitmopa

MOXKHA 3aMICTh JOCIIDKEHHS BIAIOBIAHOIO 3aJIMIIKOBOIO YJIEHA L,, WO B

0araTbOX BUITAJIKAX 3arajJioM BaXKKO, JOCNTIHKYBaTH 301KHICTH CaMOro psay
Teinopa, sk 3BU4aifHOrO CTETIEHEBOI'O PSIY.
Hagenemo posknaganns y psa Teittopa HACTYTHUX (DYHKITIH:

X x2 x3
e =l+x+—+—+.., —0<X<0; (1.16)
21 3!
3 5 7
) X X X
SinX=X—-——+———+..,, —0<X<0; (1.17)
3t st 7!
2 4 6
X X X
cosX=1—-—+———+ .., —0<X<®©; (1.18)
21 41 6!
2 3 4
X X
Inl+x)=x—-—+—-—+..,, -1<x<1; (1.19)
2 3 4
3 5 7
X X X
arctgx =X ——+ —— —+.., -1<x<1; (1.20)
3 5 7

m(m —1) Xz .\ m(m — 1)(m — 2) X3 .\

2! 3!
Ie octanHe po3kiaaHHs MPUAATHE:
IIpuy m >0 , axmo -1 <x <1;

1+x) " =1+mx+ (1.21)
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mpu -1 <m <0, sxkuo -1 <x <1;
mpu m < —1, skmo -1 <x <1.

[Mpukmnan. O6uncnuty 3 Tounictio 10 0,001 yucno €.

Po3p’sizanns. Ckopucraemocs poskiaganssMm (1.16), mincraBuBmu B
HbOTO X =1.

Otpumaemo
1 1 1
e=1+1+—+—+. .+ —+.
21 3l n!
V3saBum nepuri n + 1 4ieHiB, OTpUMaeMO MPHOTU3HY HEPIBHICTH
1 1 1
exl+1+—+—+..4+—.
21 3l n!

OniHnMO MOXHOKY HAOIMKEHHS 33 JIOIIOMOT'OF0 3aJTUIIIKOBOTO WIEHA PsILy

. 1
MaxknopeHa.  OcCKinbKH f(n+ )(x) = eX, 0 1,(x)= e xm-1 /(n+1)!,

c c
n+l €
0<c<1.Ipu x =1 maemo 1, (1) = -1 = ,0<c<lI.
(n+1)! (n+1)!
c 1
Bepyun 1o yBary, mo e <e < 3, OTpUMAEMO:
3
r, ()< .
(n+1)!
Skmo n =5, 10
3 1
=——>0,001,
(5+D! 240
a gKImo n = 6, TO
3 1
=—<0,001.
(6+1)! 1680

ToMmy j1s JOCSITHEHHS HEOOX1THOT TOYHOCTI JJOCTATHHO B3SITH N = 6 .
Takum yuHOM, 3 TouHicTIO 10 0,001 MaeMo
1 1 1 1 1
exl+l+—+—+—+—+—.
21 31 41 51 6!
KokHUIT TOMAaHOK BUITHINIEMO 3 OJHHM JOJAaTKOBHM 3HAKOM, MO0 10
HAIIO1 ITOMUJIKU HE JI0/IaBaJTUCh MTOMUJIKH BiJl OKPYTJICHHS JOAHKIB:
e ~ 1,0000 + 1,0000 + 0,5000 + 0,1667 + 0,0417 + 0,0083 + 0,0014 = 2,7181.
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Bigmoigs. € = 2,718 3 tounictio g0 0,001.
[Mpukmnan. OduncnuTy sin 180 3 TounicTio 10 0,0001.

0 . .
Po3p’s3anns.  IlepeBomsium 18 Yy pallaHd 1 BHUKOPUCTOBYIOYH
posxiananss (1.17), orpumaemo:
.0 . W T o o
sinl8" =sin—=——-———F5+—72—...
1010 3110 5110°
OtpuMaHuii P 3HAKOMOYEPEXKHUM, HOro UIEHM CHajalTb 3a
a0COJIFOTHOIO BEJIMYMHOIO 1 CIIUIBHUHA WIEH HaOMIKAaeThcsd /0 HYyNs, TOOTO
BUKOHYIOThCS BCi ymoBHM o3Haku JleiiOHina. L[i oOcraBuHM moMNermyoTh

I[OCJ'IiI[)KeHHH, OCKIJIEKH OCTaua pAAy HE IEPEBUILYE TICPIIOTO BiI[KI/IHyTOFO YJICHA.

3 5
T s
OCKIJIBKH 3> 0,0001, —5 < 0,0001, To 3 Tounictio g0 0,0001
3110 5110
OTPUMAEMO:
0 = n3
sinl8 ~—— 3 =0,31416 — 0,00517 = 0,30899.

10 3'10

Bigmosige. sin 180 ~ 0,3090.

2 dx
[puknan. O6uucnutu inTerpan | ————— 3 Tounictio g0 0,001
04243 + x

IUITXOM PO3KJIaJIaHHS i IHTErpabHOI (DYHKIIIT y CTEIICHEBUH PSI.
Po3p’s3anns. besnocepenne 3actocyBanns psina (1.21) mo poskiagaHHs
migiHTerpansHoi GyHKIIT He MOXKJIIMBE Yepe3 ABI IPUYMHU:

o m
[o-mepmre, y Ginomi (1+ X)  OCHOBa ITOBMHHA OyTH TpeACTaBieHa Y
BUTJSIII CyMHM OJAMHMII 1 3MIHHOI; MO-Ipyre, Biapi3ok iHTerpyBaHus [0,2]
BHUXOJIUTH 32 MEXi 00yacTi 301’KHOCTI OIHOMIiaTBHOTO psiy. BpaxoByroun Ha3BaHi
MIPOTUPIYYsl, BHKOHAEMO TIEPETBOPEHHS ITi1 JAHUM iHTErpajioM.
2 dx ? dx 1 2 dx
I= = =

) )
024315 0 o N2430 (st
1+ —

2431+ —)

243 3
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X
3pobumo 3aminy. Hexait — =t. Tomi x =3t, dx =3dt. SIkmo x =0,
3

To t = 0; aKkmo x=2x = 2, 1o t = — . [nTerpan npuiiMae BUIJIAL
3
; 2
dt

1 By J——
j(1+t ) 2dt.
2 \/;0\/l+t

Hiz[iHTerpanLHy (YHKIIIIO PO3KIIaJIeMO B CTEIIEHEBHH psifl 32 POPMYIIOI0

m m(m — 1
(1+X)m:l+—x+¥>{2+..., xe(-11].
1! 21
Otpumaemo
1 1 1 1 1 1
1 — — | —-1 SR | )
) 2 2 2 2 2 2
(1+t5) 2 14 t5+ t10+ t15+
1! 2! 3!
1 1-3 1-3.5
+...=1——t5+ ) th— 3 t15+...,—1<t£1.
2-1 272! 273!
2
Binpizok inTterpyBannas | 0,— | BXOOWTH JO 00JacTi 301KHOCTI
3
OTPUMAHOTO DSy, OT)KE, HOr0 MOYKHA TTOUWIEHHO 1HTErPYBATH:
2
13 1 1-3 1-3-5
I=—— | 1- t5+ 5 th_ 3 t15+... dt =
3W3 0 2-1! 27 .21 27 3!
2
1 t6 l~3-t11 l~3-5~’t16 3
. t— +— - e

3V3 2-1'6 27 -.2111 27 -3L16
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6 11 16
2 2 2
- 1-3.] = 1-3-5-| —
1|2 3 3 3
— + - +

3\/5 3 2-116 22~2!~11 23~3!~16

1|2 25 l~3~29 1~3~5-213

- I + - + ...
3\/5 3 1!6~36 2!11-311 3!16~316

OCKIJIBKH O’I‘pI/IMaHI/Iﬁ YHCIIOBUN pdaa € 3HAaKOIMOUCPC)KHUM, TO I

. -3 .
o0uHCcIIeHHS 3 TOUHICTIO E =10 ~ J0CTaTHRO 30€perTH Take YMCIIO WICHIB, 100

. . -3 .
nepmmi 3 BiAKMHYTHX OyB MeHmre, Hik 10 ~ . ITocnizoBHO OOYMCITIOEMO WICHH
psina, TIOKH He BUKOHAETHCS HEPiBHICTh

! 107
—u, < ,
33 "
TOOTO

3 3

u, <3V3-10 T <5,2-10 ~.

OO0umnciieHHsT BEAEMO 3 OJHIEIO 3aMacHO0 HU(PO0 (3 YOTHpMa 3HAKAMHU
micist komu). OTpuMaemMo

1~ 0,1925(0,6667 — 0,0073 + 0,0004 - ..) .

Ockinbku uy =0,0004 <5,2- 10_3 , TO 30epiraeMo y mpaBiif yacTHHI

OCTaHHBOI PiBHOCTI ABa AoMaHKH. OCTaTOYHO OTPUMYEMO

2
=]

dx

———— ~0,1925(0,6667 - 0,0073) = 0,2693 ~ 0,269
0 5

243+

3 ycimMa BIpHUMH 3HaKaMU.
1 _ 2
. X ..
Hpuknan. OGuucIuTH iHTErpan | e dx , pokslafauy MmiJiHTerpanbHy
0

(YHKIIIO Y CTENEHEBUH Psil 1 BAKOPHCTOBYIOUH CiM WIEHIB I[bOTO PO3KIIAZCHHS.
Po3B’s3anns1. CropuctaBmuch Gopmyioro (1.16), orpumaemo:
2 3 n
2 2 2 2
B o N o I G I 5 IO
e X =1+ + + ot +...:1—X—+X——X—+...+(71) .
1! 2! 3! n! [TREETRET n!
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Leii psn 30iraersest mpu Oynp-sikomy X. IlpoiHTerpyBaBIIM IMOYJIEHHO
Horo mepuri CiM WieHiB, OTPUMAEMO:

113
1 _2 3.5 7 .9 |
dez X__+X__X_+X__X_+X_ =
(I)e 113 215 317 419 5111 613 o
T | 1 |
e I (1.23)

310 42 216 1320 9360
OIMiHUMO OCTauy psIy I B cury Teopemu JleiiOnina

15
1

<X - <0,0000133<1,5-107° .
7 7!15| 0™ 75600

BpaxoByloun TOYHICTH OIIIHKM (YOTHPH BIpHMX 3HAaKa IMICIs KOMH),
obunciaroemo cymy (1.23) 3 m’sThbMa 3HaKaMH MiCIsI KOMHU (3 OJHUM 3allaCHUM
3HaKoM). OCTaTOUHO OTPUMAEMO
1 2
[ e_X ~1-0,33333 + 0,10000 — 0,02381 + 0,00463 — 0,00076 + 0,00011 =
0

=0,74684 = 0,7468

3 yciMa BipHUMH 3Hakamu. [lomMiTHMO, IO B HaBeJEHOMY MPHKIAIi
obuncienHto cymu (1.23) mepenye oriHka ocTadi psija.

4

X 3 ToumicTio g0 E =10

1

%01 1
Ipuknan. OGuwciut iHterpan I= | Md
0 X

IIJISIXOM PO3KJIIaHHS HiAiHTErpajbHOl (DYHKIT B CTENEHEBUH P,
Po3p’szanns. 3pobuMo 3amiHy B migiHTerpanbHoMy Bupasi In(l + x)
tioro poskiananasm (1.19) B creneneBuii psa. Taka 3aMiHa JOYCTHMA, OCKITTBKU

BiJIPi30K 1HTErpyBaHHS [0;0,1] BXO/IUTH B 1HTEpBaJ (—l; 1) 301KHOCTI 1IHOTO

pany.

Otpumaemo
0,1 In(1 + x) 0,1 X2 X3 X4
I=)] —dx=| —|[x——+——-——+.. |dx=
X 0 x 2 3 4
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3 2 3 4

X X X X X X ,

:J. l-—+——+ . |&x=|XxX-—+—-—+... = (1.24)
2 3 4 4 9 16

0,01 0,001 0,0001
1- + - + ...

>

4 9 16
OCKIUIBKH OTpUMaHHUH YHUCIOBHU PsiJi € 3HAKOIOYEPEKHUM, TO JOCTATHBO

; . . . -4
00paTH Take YHCIIO WICHIB, MO0 MEpITHii 3 BiIKUHYTHX OyB MeHIIe, HiX 10 .
L1i#f yMOBi 3aJI0BOJIbHSIE YETBEPTHIA WICH, TOMY IO

0,0001 1 4
= <10 .

16 160000
[Mizpaxyemo cymy Tphox mnepmmx uwieHiB (1.24). OOuucrnenHs Oyaemo
BECTH 3 IT’SITbMa 3HAKaMH MiCJIsl KOMH, a OCTaTOYHY BiAITOBI/Ib OKPYIJIUMO:

0,01 0,001
+

4 9
Biamosins: I~ 0,00976 .

Criz 3ayBaKHTH, 10 Y BUMAAKAX, MOMIOHUX JI0 PO3MIISTHYTOTO MPHUKIIALY,
MPaKTHYHO HeMae NOTpeOM 3a3fajeriip BU3HAYaTH MEpIIUA 3 BIAKMHYTHX
eneMeHTiB. Jlermie mociiJoBHO o0UMCIIOBaTH WieHu psxy (1.24) npu BiaNoBiTHIX
3HAQYEHHAX X [0 THX Iip, IIOKH He AiieMOo 10 YieHa psay, aOCOMI0THA BETMYMHA
SIKOTO MEHIIIE 33/1aHOT TIOXHOKH.

Buknamgemo Temep Ha TpUKIANaX METOJ 3HAXOJPKCHHS HAOIMKEHOTO
pPO3B’s3Ky MH(EPEHIIIABHOrO PIBHSAHHSA 3a JomoMororw psmiB. lleir wmeron
NIPUAATHAN JJ1s1 HAOMMDKEHOro po3B’si3aHHs AW EpeHIiaIbHOro piBHSIHHS OY/b-
SIKOT'O TIOPSJIKY.

Po3B’s130K TuQepeHiaTbHOro PiBHSIHHS MOXeE B 0araTb0X BHIAIKaX OyTH
NIPE/ICTaBJICHUH Yy BWIVIS/II CTENIEHEBOI'O DAIY, SKHH 30Iira€TbCsi Ha IIEBHOMY
inTepBaii. KoegimieHTr 110r0 psity MOXKHA 3HAWTH METOIOM, SIKUH CIIMPAETHCS HA
3aCTOCYBaHHs psay Teiyopa, BIAMOBIAHO JO SKOTO, IIYKAaHHA PO3B 30K
JdepeHIiaabHOro piBHAHHES Y = y(X) Ma€ BUIIISA:

I=0,1- ~ 0,10000 - 0,00250 + 0,00011 = 0,09761 .

y'(xg) y"(xp)

0 (x- XO)2 + 0
2! 3!

[Mpuknan. 3HaliTn mepiIi YOTHPH WieHa PO3KIAIAaHHS Yy CTEEeHEBUH psif

¥(x) = ¥(xg) +¥'(x)x = X0) + (x=xq) +- (1.25)

. . 2
PO3B’ 3Ky Au(EPEHIIiaIbHOr0 PiBHAHHS V'=y + X(X + 1) 3a MouaTkoBoi yMOBH
y(0)=1.
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Po3w’s3anns. Hexaii dyHkiis, sky mykaemo, y(X) po3KIafeHa y psi
Makiopena:

, (n)
y(x) = y(0) + y'(0) - x YO Y
21

x" (1.26)

n!
[epmmii koediwieHT JaH B YMOBI 3ajadyi, Ipyruid OTPUMAEMO IIif 4ac
MiJICTAHOBKY BiJIOMUX BEJIMYUH B JJAHE PiBHSIHHS

2
v =[y@] +0-0+n=1,
a  HAacTymHI  Koe]imi€eHTH  3HAMIeMO  NUIIXOM  TOCJiIOBHOTI'O
JdepeHIiFoBaHHs JAaHOTO PiBHSIHHS:
y"=2yy'+2x +1;

2 2
y"=2(y" 4y y)+2=2(y" +yy"+ D)
3Bigcu pu X = 0 OTpUMAEMO:
y"(0)=2y(0)-y'(0) +2-0+1=3;

2
y"(0)=2(1" +1-3+1) =10.
[MincraBnsroun 11 3HaA4YeHHS KoedimieHTiB B psax Maxkiopena (1.26),
OTPUMAEMO PO3KIIAJAHHS, SKE NIYKAJU, Y BUTIIS

32 53
y=1+x+—x +-X +...
2 3
. 32 53
BignoBige. y 1+ x4+ —x +—X .
2 3

[Mpukman. 3anucaT mepini HICTh HEHYJIHOBHX WIEHIB PO3KIAJCHHS B

CTEIICHEBUM Pl PO3B 3Ky y = y(X) AuQepiHIialbHOr0 PiBHAHHSI Y" =X + ¥y
3a mouaTkoBuX yMoB y(0) =0, y'(0) =1.

Po3p’szanns. [Tpnbnau3Huii po3B’si30k OyaeMo IIyKaTH y BHUIVISAL Psy
(1.26). 3a marumu 3amadi Bigpasy maemo: y(0)=0; y'(0)=1; y"(0)=0.

Jaumi, mocnizoBHO qudepeHIliFol0YH, OTPHMAEMO;

y"=1+2y-y'; y"(0)=1;
ylV =2y~y”+2y'2 ; ylv(0)=2;
yV =2y-y"+6y"y"; yV(0)=0;
yVl =2y~y1V +8yhy"+ 6y"2; yV1(0)=8;
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11
2y y1V+8y'~ y1V+2y~yV+20y“~y‘"; yV (0)=20;

111
yVlll =2y- yVl +12y" yV + 30y ™ yIV + 20y"2; yV (0)=20.

[MincraBuBmm y psn (1.26) 3HalineHi 3HaYeHHsI, OTPUMAEMO HAOIKEHHH
, N :
PO3B’30K HaIoi 3aaadi:

V111
y =

3 4 6 7 8
X X X X

y(xX)=x+—+—+—+—+
12 90 252 2016
3 4 6 7 8
X X X X X
BigmoBime. y(X) ® X + — + —+ —+ —+ .
12 90 252 2016

+ ...

1.3 Pagu @yp’e

[epexoaumo 10 nMuTaHb po3KiIagaHHs QyHKLIH B psiau Pyp’e.
Hexaii Ha estkoMy TIPOMIKKY [—E,E] 3amana ¢yHkiis f(x). [TocraBumo
MUTaHHS, Y1 HE MOXKHAa IMOOYAYyBaTW TaKWUi TPUTOHOMETPUYHMH psill, KUK Ha

1BOMY IPOMiXKKY 30iraBest 6 10 Gynkuii f(x) ? Sk 3Haiitu koediumientu a, i by

TaKoro psay?

Ha 1i nuranHs nonomarae BiAmoBicTH Teopema: sKmo ¢QyHKIis f(X)
MOke OyTH pO3KiIajiecHa B pIBHOMIpHO 30DKHHMHA Ha BCIH YHCIOBIH oci
TPUTOHOMETPUYHHN DS

a o
0 nn . nm
f(x)=—+ a, COS—X + by, sin—x |, 1.27
()2n§1[n£n€] (1.27)
TO KOe(il[iEHTH IIOTO PsIy 3HAXOAATHCS 33 (OpPMYIaMu
ag = _jgf(x)dx,
17 nnx
ay =— ) f(x)cos—dx, (1.28)
-t l
17 nmx
b, =— | f(x)sin—dx,
-t l
n=1,2,3,
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Le#t psn wHasuBaeTbes psoom @yp’e mna ¢yskmii f(x), ao,an,bn -
koedinientn Oyp’e.

®opmainbHO, JUIs Oyab-iKoi (YHKIIT, SKa IHTEPYETHCS Ha TPOMIXKKY
[—Z,Z] MokHa ckiactu psg Dyp’e. OmgHak, Mik (QYHKIIE 1 MM PSIOM HE

3aBXK/IM MOXKHA TIOCTaBUTH 3HAK PiBHOCTI.

HacrynHa Teopema fae 1octaTHi yMOBH JUIsl pO3KJIagaHHs (QYHKIIT B psiA
Dyp’e.

Teopema Hupuxne. Slxmo nepioguuna ¢pynkuis f(x) mae nepion T = 2/

i € HemepepBHOIO a00 Mae KIHIEBE YHCIO TOYOK PO3PUBY Ta KIiHIEBE YHCIIO
eKcTpeMyMiB, To psn Dyp’e, moOynoBanuid Juis mi€i (yHKIIT, 30iraeThest B ycix
toukax. Cyma orpumanoro psamy S(x) mopiBHIOE 3HaueHHIO ¢yHKmii f(X) B
TOYKax HemepepBHOCTI QyHKIII. B Toukax pospuBy ¢dymkmii f(x) cyma psmy
JIOPIBHIOE cepeqHbOMY apupMeTnuHoMy rpanuns ¢yHknii f(x) cnpasa i 3iiBa,
TOOTO, SIKIIO X = C - TOYKa pO3pUBY (PyHKLIi, TO

() | _f(c—0)+f(c+0).

X=C 2
[Mpumitku:
1. Slkmo f(x) - mapHa QyHKUis, TO

b =0 2ff( ) T (1.29)
=0,a, =— X )Jcos—dx, .
n nT 0 ’
a ToMy
a © nmx
f(x)=—0+ )y a cos—. (1.30)
2  n=l l
2. Slkmo f(x) - HemapHa (QyHKIIS, TO
0,b 2ff()' S 131
aO—an—,n—ZO XSIIIE X, (1.31)
a TOMY PO3KJIaJaHHs Ma€ BUTJIS

£(x) S b sin (1.32)

X )= sin——. .
n=l " ¢

3. dynHkuis, sKa 3ajJaHa HA iHTepBaJl [0, Z] MoOXe OyTH po3KiajieHa B

3aJIeKHOCTI Bil BUMOTH a00 TUTBKH B PsiJi KOCHHYCIB, a00 TINBKU B s CHHYCIB.
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Jl71st poro BOHA MOBWHHA OYTH MPOJOBKEHA HAa iHTEPBAJi [—Z ,0] abo sk mapHa,
a0o sk HerrapHa (QyHKIIis.
4. Tlpu ¢ =t dopmynu po3kiIagaHus B psjg Oyp’e MarOTh BUTIISI

f(x) = az() + noz;(an cosnx + b, sin nx), (1.33)
ne

-7
1 T
a, =— | f(x)cosnxdx, n=1,2,... (1.34)
-7
1 T
b, =— | f(x)sinnxdx, n=1,2,...
-7

[puknan. Posknactu B psang @yp’e ¢yHKIiIO, siKa 3aJaHa Ha iHTEpBaii
. 2
[—1;1] PIBHSHHIM f(x) =X

Po3p’sizanns.  @DyHKIiS, SKa pO3MIISAAETBCSI, € TApHOI, TOMY
BuKopucTaeMo popmymu (1.29), (1.30) mpu ¢ = 1. Orpumaemo:

21 5 X 1 2
aoz—fx dx=2.— 0=
10 3 3,
)
an=2Ix cos nixdx.
0

JIBidi iHTErpyeMO MO YaCTHUHAX:

1

1. u=x",dv = cosnnxdx,du = 2xdx, v = — cos nnx;
nmn
2x° _ 1 41 41
a, = sin nmx — — [ xsin nxdx = —— [ x sin nnxdx;
nrn nr 0 nr 0
) 1
2. u = X,dv = sinnnxdx,du = dx,v = ———cos nnx;
nm
4x 1 4 1 4 n
ay = 5 5 cosnmx 0" 22 [ cos nmxdx = ﬁ(—l) .
nm nn 0 nm
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Orxe,
n
1 4 o (1)
f(x)=f+—2 )y 5 COS NTIX.
3

nn=l p
Binamosias.
f( ) 1 4 cos2mx cos3mx  cos4mx
X)=——-—5| cosnx — + - +... .
3 th 22 32 42
[puxknan. Posknactu B psix @yp’e GyHKII0O, 3a0aHy Ha iHTEpBaTi [0;2]
X2
PIBHSHHSIM f(x) =X-—".
2

Po3p’s3anns. @yHkuis Moxe OyTH poskiazneHa B psn Dyp’e BENHUKOO
KUTBKICTIO crtoco0iB. HaBemeMo JiBa HaHOLTBIT BAXKIIUBHUX BapiaHTa PO3KIIaaHHS.

1. JloBu3HauaeMo (pyHKIIFO Ha IHTEpBaJi [—2;0] mapHUM crocodom. 3

¢dopmyn (1.29), (1.30) maemo mipu £ = 2
2

2 X2 X 1 3 2 2
aozf X—— |[&x=| ——-—Xx ‘ 0= >
0 2 2 6 3
2 1 » nmx
ap =[| x——x" |cos—dx.
0 2 2
IHTerpyemo mo yactuHax:
I p nmx 2  nmx
u=x-—x ,dv=cos—dx,du=(1—x)dx,v=—sm—;
2 2 nn 2
2 X2 . nmx 2 22 . nmx
a, =—| x—-—— |sin— O——I(l—x)sm—dX:
nm 2 2 nr 0 2
22 . nmx
=——[(1-x)sin—dx.
nrn 0 2
[Ie pa3 iHTErpyeMO MO YaCTHHAX:
. nmx 2 nmx
u=1-x,dv=sin—dx,du =dx,v=——cos—,
2 nn 2
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4 nmx (2 4 2 nmx 4 4
(1 - X) I
0

) cos—— + sy cos—dx=—ﬁcosnn— g =
nmn 2 2 nmw nmn
4 n

) 2|:1+(_1) :|a
nmw

bn=0.

TakuMm yuHOM,

n
f(x)zl_iw”(_l) nmx

——=——Ccos——.
3 Tc2 n=| n2 2
Biamosigs:
f( ) 1 4 1 1 5 1 3
X)=———5| —5 COSTX + —5 COS 2TX + —~ COS 37X + ... |.
3 Tc2 22 42 62

2. JloBnznauaemo ¢yskmito f(X) Ha iHTepBai [—2;0] HEeMapHUM

ciocobom. Bukopucraemo ¢popmymu (1.31), (1.32):

) 2
nwx
b =[| x=%* [sin——dx;
R 2 2
2
X . nmx 2 nmx
u=x——;dv=sm—dx;du=(1—x)dx;v=——cos—;
2 2 nw 2
2 2
2 X nmx 22 nmx
b, =-——| x—"— |cos— +—I(l—x)cos—dx;
nmn 2 2 0 nro0 2
nmx 2  nmx
u=1-x;dv=cos—dx;du =—-dx;v=—sin—;
2 nw 2
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nnx
—5—= COS —— =
n3rc3 2 0

4 . nmx 2 4 2  nmx
b, = (l—x)sm— + [sin——dx = —
0

:%[1_(_1)“]% =0,(n=1,23,..).

nm
TakuMm yuHOM,

l6( mx 1 3mx 1  5mx
Biamosigs: f(x)=—3 s1n—+—351n—+—351n—+... .

T 2 3 2 5 2

X . .

Ipuknan. Posxnactu B psag dyp’e dyskiiro f (x) = — Ha iHTepBami
2

(0,2r).

Po3B’s3anns. [lana (hyHKIIIS He TTapHA 1 HE HEMapHa, TOMY OOYHCITIOEMO ii
koedinieatn @yp’e 3a crinpHuMU hopmynamu (1.27), (1.28), npumyckarouu,mo
{ =7 1 Oepyun rpaHunsMu iHTerpamiB 0 i 27, OCKUTBKM (YHKIlS 3aJaHa B

iHTepBaT (0, 27t) :

127 x 1 x 2T g 2n .
a, =— | —cosnxdx =—/| —sinnx ‘ 0 - [ sinnxdx |=

n 02 27\ n n O
1
= COS nxX 2n =0
2 0
27n
n=1,273,..
12mx 1 { sinnx Xcosnx 2n 1
bn:—f—sinnxdx:— I— | =——.
n 02 27\ n n 0 n
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Jis oOuncnenHst iHTerpaniB Oynn BUKOpPHCTaHi (OPMYJIHM iHTErpyBaHHS
T10 YaCTHHAX.

HlI[CTaBJ'IHIO‘II/I 3HA4YCHHA KOG(l)lHlEHTlB a 0° a n 1 bIl y

TpuroHoMeTpuwaHui psix (1.27), oTpuMaemMo NIyKaHe po3KIaTaHHs JaHOi PYHKIIT B
pan Oyp’e:

X T o sin nx

2 2 n=l g

) . T sin2x  sin3x

Binnosine: f(x) = — —sinx —
2 2 3

[puxknaa. Po3kmactu B psag @yp’e 3a cuHycaMu (yHKIIIFO

x,0<x <1,
f(X): 2-x,1<x<2.

Po3B’s3anns1. 300pasumo rpadik ¢yHkIii (puc. 1.1)

Ya

v

0 1 2 X

Pucynoxk 1.1

o6 poskmaganHs ¢yHKOT B psng Pyp’e MICTHIIO TIIBKH CHHYCH,

HeoO0XiHO, 00 11 GyHKISA Oyia HemapHow. [Tpogorkumo nany ¢yHkiito f (x)

Ha BiJPI3KY [—2;0] HernapHUM criocoboM (puc. 1.2).

vt
-z\yo 1 2

Pucynok 1.2

B 4
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Cxkopucraemocst popmymamu (1.31) i (1.32). st 3aganoi GyHKIT iepion
T=4 , omxe, ¢ = 2, Toxi

2l nnx 22 . nmx
b, = — [xsin——dx + —I(Z - X)sm—dx = I1 + 12.
20 2 21 2
OTpHuMaHi iHTErpan Bi3bMEMO I10 YaCTHHAX:

u=x;du=dx

1 . nmx
11=IXSIH7dX= . nmx 2 nmx | =
0 2 dv=sin—dx;v=—-——cos——
2 nw 2
2x nmx (o201 nmx 2 nm 4  nmx
=——Ccos—— ‘ +—Icos—dx=——cos—+ﬂsm— =
nmn 2 0 nro 2 nm 2 nn 2 0
2 nm 4 .
=——cCcos— + sin —
22
mn 2 T n 2;
u=2-x;du=dx
2 . nmx Z(Z*X) nmx |2
IZZI(Z’X)SH‘ dx = nnx 2 nmx |=—————¢cos— | —
1 2 dv =sin——dx;v=——cos—— nn 2 1
2 nn 2
22 namx 2 nm 4 . nnx 2 nm 4
7—fcos—dx:—cos—fﬁsm— = —C0S— — 5 sinnm+
nm 1 2 mn 2 n'nm 2 0 gn 2 n'm
4 nn
+ﬂsin—;
nn
b 2 nm 4 nm 2 nmn 4  nn 8  nm
n:I +I =——C0S— +—F-A”SIN—+ —COS— + —F=5 575 SIN— =—F=~»SIn—.
1712 mn 2 nznz 2 nm 2 nznz 2 n2ﬂ:2 2

Otpumane 3nauenns b, mincrasumo B (1.32).

Otpumaemo
8 " (2n+1)mx
f(x) =5 5 sin .
1~ 0=l (2n +1) 2

M8
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8 1 3nx 1 51X 1 Trx
Biamosigs: f(x):—2 ——2sin7+—2$in———25in—+... .
o 3 2 5 2 7 2

PO3/11J1 2. MATEPIAJIM JJI IIIJITOTOBKU JIO MOJYJIBHOI
KOHTPOJIbHOI POBOTU
2.1 InuBigyasbHi 3aBJIaHHS

Po3B’s3atH y BiAmoBinHOCTI A0 mmpy HACTYIHI I’ ATh 3aBJanb. [ani 1
BHOOpY KOHKPETHHX HOMEPIB B3ATI 3 Tabnuii A.1, HaBeneHol y 1o1aTky A.

o0
421-430. Tocmiauty 301KHICTh YUCIOBOTO PSIIY Zl u, -
n=
—n
421. u, = nts 422. u, = c
Suy = Suy =
n3 -2 \/;
1 3"
423 up =y 424, u, =
Cn+1)" -1 (2n)!
n3 1
425. uy = — 426. u, =
e (n+ D[ +1)]
. 2n+1 s n?
CoUy = .Uy =
Vn2" (3n)!
| n+l
429. vy =—— 430. u, =
(n+1)In(n +1) (n+1)!
o0
431-440. 3naiiTi inTepBAT 30HKHOCTI CTENIEHEBOTO PALY 2. a,X
n=
Jm+1)" "
43lay=——"— 432. a) = —
n! n(n +1)
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(2n)!
433. a, = o
n
435 .
LA, =
3 (n+1)
n
1
#37.a, =|1+—
n
311
439. =

L S
b2 Gn -

-n!
434, a =
e
511
436. a,, = ——
n 13/;
n+1
438. a, =
3 (n+2)
n+2
440. a) = ——
n(n +1)
b

441-450. OGuucnuty Bu3HAueHuii interpan | f(x)dx 3 Tounictio 10 0,001,
0

PO3KJIABIIM  MiMIHTErpajbHy (QYHKIIIO B

MIPOIHTETPYBATH HOTO MOWIEHHO.

x2

441. f(x)=e > ,b=1
443. f(x) = x - arctgx,b = 0,5

445. f(x) = xln(l—xz),b =0,5

447. f(x) = arctgxz,b =0,5

sin X
449. f(x) =72,b =0,5
X

37

CTENIEHEBUM pAJ 1 IOTIM
442. f(x) = cosx/;,b =1
In(1 + Xz)
444. f(x)=—,b=0,5
X

446. f(x)=x-e ,b=0,5

448. f(x) = sinxz,b =1

450. f(x)=V1+x°,b=0,5



451-460. 3mHailTu TpU mEpHINX,
CTETIEHEBUM

BIIMIHHUX BiJl HYJIS pO3KJIAJAHHA Y
pAa  po3B’s3Ky  y =y(X) audepeHIiaTbHOrO0  PiBHSIHHS

y'=1f(X,y), ke 3aI0BOJbHSE [TOYATKOBIH ymMOBi y(0) = Yo -
2 , X 2

451. y'=cosx+y ;y(0)=1. 452. y'=e +y ;y(0)=0.

453. y’=y+y2;y(0)=3 . 454. y’=2ey—xy;y(0)=0.

455. y’=sinx+y2;y(0)=l . 456. y’=eX +y;y(0) = 4.

457. y'= X2 +y2;y(0) =2. 458. y'=sinx +0,5y2;y(0) =1.

459. y'= 2¢7 +xy;y(0)=0 . 460. y'=x +x2 +y2;y(0) =5.

461-470. Po3xiactu many @yskmito f(x) B psag @yp’e Ha inTepBai (a, b) .
461. f(x)=x+1 Ha iHTepBaJ (—n,n).
462. f(x) = x2 +1 Ha iHTepBaJi (—2,2).

463. f(x) = N Ha iHTepBaJi (—n,n).
464. f(x) =1+ |x| Ha iHTepBaJIi (—l, 1) .
465. f(x) = {O’ “r<x <, Ha iHTepBai (—n,n).
x, 0<x<m
466. f(x)= |1 - x| Ha iHTepBai (—2,2).
467. f(x) = |x| Ha i1HTepBaJIi —n,n).
468. f(x)=x-1 Ha iHTepBaJi (—1,1 .
469. f(x) = x2 Ha i1HTepBaJi (0,21t) .
470. f(x) = {2’ Trex<0 Ha iHTepBai . (—n,n).
1, 0<x<m
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SRR ol S

27.

28.
29.
30.
31.
32.
33.
34.
35.

2.2 Tlepenik TeopeTHYHHX 3alHUTaHb J0 MOIYIBHOI KOHTPOJIBHOI
poboru

IMocnimoBHOCTI. AprdMeTHuHi Jii 3 MOCTiTOBHOCTSIMHU.
OOMeXeHi Ta MOHOTOHHI TIOCITi JOBHOCTI.

I'panumi mociigoBHOCTEH.

UucnoBi psiy, 301KHICTE 1 cyma psiy.

HeoOxigHa yMOBa 301)KHOCTI YUCTIOBOTO PSAY.
I'eomerpuyna nporpecisi.

Y3araibHEeHUH TAPMOHIYHUH PsiI.

I"apMoHiuHMiA psaf i Horo 301KHICTS.

BrnactuBocTi 301’KHAX YUCTIOBUX PSJIIB.

. Ilepma o3Haka MOPiBHSIHHS PSIIB 3 TOJATHUMU YICHAMHU.

. [pyra o3Haka NOPiBHSIHHS PSJIIB 3 JOJATHUMU YICHAMHU.

. Oznaka [lamamOepa.

. IaTerpanpHa 03HaKa 301KHOCTI YHCIIOBUX DSIiB 3 JOJATHUMU YICHAMHU.
. PagukanbHa o3HaKa 301KHOCTI YUCIIOBUX PSJIIB 3 TOJATHUMH WICHAMH.
. 3Hako3MiHHI psimu. O3Haka JIeHOHMIIS.

. AOGconoTHa Ta yMOBHA 301KHICTh 3HAKO3MIHHHX PSIIiB.

. OynknionanpHi psaau. O01acTh 301KHOCTI (PYHKINOHATEHOTO PSIY.

. Crenenei psyu. Teopema AoGens.

. Crenienesi psau. Paniyc i inTepBain 301>kHOCTI.

. Pan Teinopa.

Psin Maxknopena.

. Posknamanns yskmii y=sin(x) y psu Makiiopena.
. Posknamanns GyHkii y=cos(x) y psux Makiiopena.

X
. Posknamanns pyskmii y = ey psag MakiopeHa.
. biHomianbHUi psi.

. Posknapanss ¢yHkuii y = L y psn MaxuopeHa.

T+x
Posxnananns Qyskmii y = % y pan MakiopeHna.

Posxnamanns yskmii y=In(1+x) y psa MakiopeHa.

Posxinamanns yskmii y=arctg(x) y psu Makiiopena.

3acTocyBaHHS CTEIICHEBUX PSIIB JIO HAOMMKEHUX OOYUCIICHB 1HTErpaiB.
[oHsATTS OpTOroHaNbHOI cucTemu QyHKIIN. [Ipukmamu.

Posknananns QyHkiii ¢ - m/s y psax MaknopeHa.

Posknananss ¢yHkuii y=sint y psin MakiopeHa.

Posknamanns ¢yskuii y=Lnt y psix Maknopena.

3acTocyBaHHS CTENEHEBUX PS/IIB 10 00YHMCIEHb CyMU YUCIOBUX PSIIB.
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36. 3acTocyBaHHS CTENEHEBHX psJiB 10 pO3B’si3aHHA AH(EepeHIiaIbHUX
PIBHSHB.

37. Psn @yp’e 3a OPTOrOHANBEHOIO CHCTEMOIO (DYHKITIH.

38. Tpuronomerpuunuii psa Oyp’e Ha [-€; €].

39. Tpuronomerpuunuii psg Oyp’e va [0; €].

40. TpuronomeTpuyHUH P

41. Teopema [ipixie.

42. Psanu ®@yp’e.

43. Koeoiuientu psaay Oyp’e.

44. Pan ®@yp’e ans napHUX QYHKITIH.

45. Pan @yp’e ans HenmapHUX QYHKITIH.

2.3 IIpuknaan NpakTHYHKX 3aBJaHb 10 MOAYJIEHOI KOHTPOJILHOI poOOTH

1. JoBectu 301KHICTh PSAAY i 3HAUTH HOTO CyMY:

0 1
a) X ——
n=ln(n + 2)
5) °§ 311 + 4"
n=1 1211

2. Nocniguty Ha 301KHICTh PSIIH:

o 3" (n+2)!
DI
n=l| n
®© 1
6) X —
n=l In(n + 2)
3. Jlocniguty Ha 301KHICTD 3HAKOTIOUEPEXKHI PSIN:
© n+l 1
a) X (_1) n
n=l (n+1)-3

n+l
5 2 )

n=l (2n + 1)n
4. O0YUCITUTH CyMY PSTY 3 TOYHICTIO JI0 & :

0 ntl 1
a) 2 (—1) —, @ =0,01
n=1 3n
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© n 1
6 = (-1) m o = 0,001

5. 3HaiiTi 001acTh 301>KHOCTI PAAY:

6. Posknactu y psg Maxiopena ¢yskiito f(x).
a) f(x) = cos5x

3
0) f(x) = x"arctgx
7. BUKOpUCTOBYIOUM pO3KJIaJaHHs MiiHTErpajbHOI (QYHKIIT y CTEleHeBUil psif,
0o0uMCIUTH BU3HAYeHHH iHTerpan 3 Tounictio 0,001:

1/4
a) Iln(1+\/;)dx
0
1 <2
6) Jarctg| —
0 2
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JIOJIATOK A

Tabmmmg A.1

Homep | Homepu 3a1au KOHTpOJIBHUX 3aBaHb

psnKa

1 426 431 442 452 467
2 427 432 443 454 463
3 428 433 444 456 461
4 429 434 445 458 470
5 430 435 450 460 468
6 421 436 449 451 469
7 422 437 448 453 466
8 423 438 447 455 465
9 424 439 446 457 462
10 425 440 441 459 464

0 B B 0

B
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«JloHerbK1il HaliOHATBHUI TEXHIYHUI YHIBEPCUTET
ABTOMOOITTBHO-TOPOXKHIH 1HCTUTYT
84646, M. I'opniBka, Byn. Kiposa,51

PenmakiiifHO-BUIaBHAYHAN Bl UL
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